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Abstract. This article studies tlie algebraic structure of homology theories defined by 
a left Hopf algebroid U over a possibly noncommutative base algebra A, such as for ex- 
ample Hochschild, Lie algebroid (in particular Lie algebra and Poisson), or group and 
^\1 ' etale groupoid (co)homology. Explicit formulae for the canonical Gerstenhaber algebra 

structure on Exti/{A, A) are given. The main technical result constructs a Lie deriv- 
f^^ , ative satisfying a generalised Cartan-Rinehart homotopy formula whose essence is that 

f^ ■ Tor'^(M, A) becomes for suitable right fZ-inodules M a Batalin-Vilkovisky module over 

'Exti;{A,A), or in the words of Nest, Tamarkin, Tsygan and others, that Extij{A,A] 

fi ' and Tor'-' (M, A) form a differential calculus. As an illustration, we show how the well- 

/^S , known operators from differential geometry in the classical Cartan homotopy formula can 

^^ ■ be obtained. Another application consists in generalising Ginzburg's result that the coho- 

^^ ' mology ring of a Calabi-Yau algebra is a Batalin-Vilkovisky algebra to twisted Calabi-Yau 

algebras. 
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1. Introduction 

1.1. Differential calculi. By its definition in terms of (co)chain complexes or derived 
functors, the cohomology or homology of a mathematical object is typically only a graded 
module over some base ring. Thus an obvious task is to exhibit its full algebraic structure, 
and to understand which features of the original object this structure reflects. 

For the (co)homology of associative algebras, this has been studied, amongst others, by 
Rinehart IRil . Gerstenhaber I Gel . Goodwillie I Go I . Getzler I Get I and Nest, Tamarkin and 
Tsygan, see e.g. IINTs3i lTaTslilTaTs2l iTsl . The ultimate answer is that Hochschild coho- 
mology and homology form what Nest, Tamarkin and Tsygan call a differential calculus: 

Definition 1.1. Let fc be a commutative ring. 

(/ ) A Gerstenhaber algebra over fc is a graded commutative fc-algebra (V, ^) 

V = l^VP, a ^ (3 = {-1)P'' (3 ^ a e VP+'' , aeVP,PeV'', 

pelM 

with a graded Lie bracket {•, •} : 1/^+^ (x)fc l/^+i — > v^p+9+i on the desuspension 

of V for which all operators {7, •} satisfy the graded Leibniz rule 

{7, a ^ /3} = {7, a} - /3 + {-ly^a - {7, /3}, 7 e VP+\a e V^. 
(ii ) A Gerstenhaber module over 1/ is a graded {V, ^)-module (J7, ^), 

with a representation of the graded Lie algebra (V^[l], {•, •}) 

£ : 1/^+^ ®fc r2„ ^ il„_p, a(S)kX ^ Ca{x), 
which satisfies for a e V^^+^, /3 e V^jX e il the mixed Leibniz rule 

(3 - £„(x) = {(3,a}^x + {-irCc.{(3 - x). 
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(;// ) Such a module is Batalin-Vilkovisky if there is a /c-Hnear differential 
B : iln ^ fln+l, BB = 0, 
such that Ca is for a e F^ given by the homotopy formula 

£a{x) = B(a - a;) - (-1)^0; - B{x). 

(iv ) A pair {V,fl) of a Gerstenhaber algebra and of a Batalin-Vilkovisky module over 
it is also called a differential calculus. 

Be aware that the term "Gerstenhaber module" is used in several different ways in the 
literature. The above one is based on the requirement that the operators 

la '■= o: ^ ■ : i} ^ il 

form a Gerstenhaber algebra quotient of V with bracket given by 

{La, tfi} ■= [tQ,£^], 

where [■, ■] denotes the graded commutator This agrees (up to slightly different sign con- 
ventions) with the one used in ODeHeKaH . One will often additionally find that the mixed 
Leibniz rule 

Ca-^p=Caip + {-iyiaCp, a B V\ (3 € V, (1.1) 

is demanded. This is necessary for V" © O to become naturally a (square zero) extension of 
F as a Gerstenhaber algebra. For Batalin-Vilkovisky modules, Equation (II. Il l is satisfied 
automatically, so the definition of these is essentially unequivocal. 

The definition of a Gerstenhaber algebra itself also admits a modification in which the 
operators {•, 7}, rather than {7, •}, are assumed to satisfy the graded Leibniz rule. This had 
been the convention in Gerstenhaber' s original paper IIGel . cf. Remark p. 19| below. 

1 .2. Aims and objectives. The main aim of this paper is to further highlight the ubiquity 
of such Batalin-Vilkovisky structures by giving conditions for 

V :=F^xtu{A,A), n := Tor^ {M , A) 

to form a differential calculus when [/ is a left Hopf algebroid (a x^-Hopf algebra) over 
a possibly noncommutative fc-algebra A; we will recall some background on bialgebroids 
and Hopf algebroids in [j2]below. Here we only remind the reader that the rings governing 
most parts of classical homological algebra all carry this structure, so that our results ap- 
ply for example to Hochschild and Lie-Rinehart (in particular Lie algebra, de Rham, Lie 
algebroid and Poisson) (co)homology as well as to that of any Hopf algebra (e.g. group 
(co)homology). 

Besides for the case of Hochschild (co)homology with canonical coefficients M = 
A that has been referred to above, our results are also already known for Lie-Rinehart 
(co)homology due to the work of Rinehart and of Huebschmann Ir!] IHuell . However, 
the Hopf algebroid generalisation is, in our opinion, not only interesting because of new 
special cases to which it applies, but also leads to conceptually clearer statements and 
proofs. A case in point is that the cohomology coefficients are left [/-modules while the 
homology ones are right [/-modules, and this distinction is lost in many concrete examples 
such as group. Lie algebra, Poisson or Hochschild homology. 

For such reasons, we hope that the paper is of interest also to people working in different 
but analogous settings in algebra, geometry and topology, see e.g. IIBeFal iGiTr, Me 1 . ,Me2l 
IDoShVI and the references therein. 
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1 .3. The Gerstenhaber algebra. The Hopf algebroid (in fact, the underlying bialgebroid) 
structure on U leads to a monoidal structure on the category C/-Mod of left [/-modules, 
and it is this monoidal structure which is responsible for the Gerstenhaber algebra structure 
on Ext^(A, A) that we consider here. This can be viewed as a special case of Menichi's 
operadic construction OMell that, in turn, closely follows Gerstenhaber's original work on 



Hochschild cohomology MGeL or of Shoikhet's generaUsation BSholl of Schwede's homo- 
topy theory approach to the Hochschild case llSchwl . 

The aim of iQis to give explicit formulae for ^ and {■, ■} in terms of the canonical 
cochain complex 

5 : C-{U,A) := Hom^op ((t/®-^°p-),, A) ^ C-+\U,A) 

that arises from the bar resolution of A. We refer to the main text for the notation used here 
and below. In particular, see il2.1l for the definition of the four actions i>, <,►,•« of the base 
algebra A on U . 

On the level of cochains (f e C ( [/, A) , V' e C"' ( [/, A) the cup product turns out to be 

{ip^i}){u\...,vF+'') = ip{u\...,uP~^,ij{vP+\...,vF+'') >uP). (1.2) 

We then define along the classical lines Gerstenhaber products Oj by 

(^o,V)K,...,uP+'?-i) 

:= ^{u\ ..., u'-\ D^{u\ ..., u'+'>-^)y+\ . . . , vP+'i-^), 

for i = 1, . . . ,p, where the operator 

D^ : L/®--P ^ U, iu\...,uP) ^ ^{ul-^, . . . ,w^^)) .u},^ ■ ■ • u^^) 

replaces the classical insertion operations used by Gerstenhaber The Oj are used to con- 
struct the Gerstenhaber bracket as usual as 

(-l)\pM^oip (1.3) 





{■^,■0} := <^o'0 


with 

(poip : 


?'— 1 


In Sj3]we will prove: 





Theorem 1.2. If U is a bialgebroid over A, then the maps (I7.2l i and (17. il l induce a Ger- 
stenhaber algebra structure on H'{U, A) := H'{C'{U, A), 5). 

When [/ is a left Hopf algebroid and [/< e A°P-Mod is projective, the bar resolution is 
a projective resolution, so H'{U, A) ~ FixtjjiA, A) and the above result yields Gersten- 
haber brackets on various Ext-algebras. Even for Hopf algebras (i.e., for A = k) this has 
been discussed still fairly recently, see e.g. IIFSollTaillMe2i . 

1 .4. The Gerstenhaber module. In llKoKr2ll we have studied the fact that for a left Hopf 
algebroid U a left [/-comodule structure on a right [/-module M induces a para-cyclic 
fc-module structure on the canonical chain complex 

C.([/,M) := A/®^op (,[/,)®A°p- 

that computes Tor ( M , A) when [/ is a right A-projective. 

The question whether this leads to a Batalin-Vilkovisky module structure on the sim- 
plicial homology H. ([/, M) of this para-cyclic object hinges on the compatibility between 
the left [/-comodule and the right [/-module structure on M. In full generality, we define 

for ip 6 CP{U, A) the cap product 

i^{m, u\..., u") = (m, u\..., u^-'P-\^{u^-\p\, . . . , u") ► u^-P), (1.4) 
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and the Lie derivative (see the main text for all necessary details) 

n — \p\ p 

C^ := Y, (-l)'-'"t"-l^l^' D'^f+P + £(-l)«""t"-|p| D'^t', (1.5) 

where 9 and ^ are sign functions, D' is D,^ applied on the last p components of an element 
in Cn {U, A'l), and t is the cyclic operator of the para-cyclic module C, {U, M) as in ( 12.151 ). 
In general, these do not induce a Gerstenhaber module structure on H,{U,M), but 
only on the homology H^^ (U) of the universal cyclic quotient Cl^°{U, M), see i l2.4l A 
sufficient condition for the two to coincide is that M is a stable anti Yetter-Drinfel'd module 
in which case the para-cyclic fc-module is cyclic, see again il2.4l and il4.2l below. However, 
a more general case that is ubiquitous in examples is the following: 

Definition 1.3. A para-cyclic fc-module (C., d., s., t.) is quasi-cyclic if we have 

C. =ker(id-t:+i)©im(id-t:+i). 



We refer to il2.4l for the detailed explanation of this condition and of its consequences. 
In complete generality, we introduce for any module-comodule A/ (see Definition l2.3b the 
set C\j{U) c C'{U,A) consisting of those cochains for which the operators l^ and C^ 
descend to CY''{U, M). This turns out to be a subcomplex whose cohomology will be 
denoted by H\j{U). Then we prove: 



Tlieorem 1.4. For all modules-comodules M over a left Hopf algebroid U, il.2\ and 
(17. ib induce a Gerstenhaber algebra structure on H'j^iU), and (li.4b and ( 17.5b induce a 
H^j{U)-Gerstenhaber module structure on H^'^ [U). 

1.5. Tlie Batalin-Vilkovisky module. Once this is established, we introduce the operator 

n-p j 

%■■= 2 2(-ir""ts„_|p|t"-p-D;t"+'-i^i, 

where rj is again a sign function, and prove that for ip e Cl^{U) the Cartan-Rinehart 
homotopy formula 

Cip = [B + b, S(^ + iip\ — Lg^ — Ssip 

is satisfied. Here b and B are the simplicial resp. cyclic differentials on C^^°([/, M) and S 
is the cosimplicial differential on Cl.j{U). This implies our main result: 

Tlieorem 1.5. For all module-comodules M over a left Hopf algebroid U, the pair 
{H]^j{U), H^'^ (U)) carries a canonical structure of a differential calculus. 

In the simplest case where M is an SaYD module, we already mentioned that 
C^*'°(t/, M) coincides with C.{U, M), and therefore we obtain: 

Corollary 1.6. If M is a stable anti Yetter-Drinfel'd module over a left Hopf algebroid U 

and if [/< e A°P-Mod is projective, then the pair (Ext[/(A, A), Tor (M, A)) carries a 
canonical structure of a differential calculus. 

For the Hochschild (co)homology of commutative associative algebras, the earliest ac- 
count of the set of operators b, B, t, C, and S is due to Rinehart IJRil , where these operators 
are called (in the same order) A, d, c, 9, and /, respectively. For noncommutative algebras, 
the Lie derivative appeared for 1-cocycles in ICol p. 124], where it is denoted by S*, and 
in BGol . where additionally the operators l and S are introduced, denoted by e and E, re- 
spectively. Finally, these operators were generalised from 1-cocycles to arbitrary cochains 
both in BGetl . where they are denoted by b and B, as well as in LGDTs , NTs3, NTs2IITsll . 
the notation of which we take over. 
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1.6. Applications. A prominent example that forces one to go beyond SaYD modules 
is that of the Hochschild homology of an algebra A with coefficients in M = A„ for 
some automorphism a of A, that is, M is A as a fc-module with A-bimodule structure 
given hy a *■ h ■* c := aba{c). Whenever a is semisimple, the resulting para-cyclic fc- 
module is quasi-cyclic, and in the final section of the paper we prove that this implies 
the following generalisation of a result of Ginzburg [Gi | from Calabi-Yau algebras (which 
form the case in which a is inner) to twisted Calabi-Yau algebras (see Definition l7.5l l. such 
as the standard quantum groups HBrZhl . Koszul algebras whose Koszul dual is Frobenius 
as, for example, Manin's quantum plane HVdBlL or the Podles quantum 2-sphere BKrl : 

Theorem 1.7. If A is a twisted Calabi-Yau algebra with semisimple modular automor- 
phism, then the Hochschild cohomology H'(A, A) of A is a Batalin-Vilkovisky algebra. 

Besides this application, we also explain in the penultimate section of the paper how 
one can use our formulae to obtain the classical operators in Cartan's magic formula in 
differential geometry, i.e., the Lie derivative, the insertion operator, and the de Rham 
differential in the setting of Lie-Rinehart algebras (or Lie algebroids, and in particular the 
tangent bundle of a smooth manifold) by taking for U the jet space JL, which is the dual 
of the universal enveloping algebra VL of a Lie-Rinehart algebra {A, L). 

Acknowledgements. It is our pleasure to thank Ryszard Nest, Boris Shoikhet, and 
Boris Tsygan for inspiring discussions and explaining to us some aspects of their 
work. Furthermore, we thank the referee for their careful reading and suggestions. 
N.K. acknowledges funding by the Excellence Network of the University of Granada 
(GENIL) and would like to thank the University of Glasgow for hospitality and support. 
U.K. furthermore acknowledges funding by the Polish Government Grant N201 1770 33, 
the Marie Curie PlRSES-GA-2008-230836 network and the Royal Society/RFBR joint 
project JPlOl 196/11-01-92612, and thanks ITEP Moscow for hospitahty. 

2. Preliminaries 

In this section we recall preliminaries on bialgebroids, Hopf algebroids, and cyclic ho- 
mology, mainly from our two papers [KoKrl "KoKr21 as we use therein the same notation 
and conventions as here. For more detailed information on bialgebroids and Hopf alge- 
broids and references to the original sources, we recommend Bohm's survey iBl . 

2.1. Bialgebroids. Throughout this paper, A and U are (unital associative) fc-algebras, 
and we assume that there is a fixed fc-algebra map 

77: A° := A(x)fc A°P -^U. 

This induces forgetful functors 

[/-Mod -^ A'^-Mod, [/°P-Mod -^ A'^-Mod 

that turn left [/-modules N respectively right [/-modules M into y4-bimodules with actions 

a i> n <] 5 := 77(0 ®k b)n, a *■ m ■* b := m'q[b (H)fe a), a,b e A,n e N,m e M. 

In particular, left and right multiplication in U defines vl-bimodule structures of both these 
types on U itself. Unless explicitly stated otherwise, we a priori consider U as an A- 
bimodule using the actions >, < arising from left multiplication in [/. For example, in (12. Il l 
below the actions &, <i are used to define U (S>a U, and later we will require U to be right 
^-projective meaning that U^ e A°P-Mod is projective. 

Generalising the standard result for bialgebras (which is the case A = fc), Schauenburg 
has proved | Sch | that the monoidal structures on [/-Mod for which the forgetful functor to 
v4°-Mod is strictly monoidal (where A°-Mod is monoidal via (x)^) correspond to what is 
known as (left) bialgebroid (or x ^-bialgebra) structures on [/. We refer, e.g., to our earlier 
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paper MKoKrlll for a detailed definition (which is due to Takeuchi ITakll ). Let us only recall 
that a bialgebroid has a coproduct and a counit 

A : C/ ^ C/ (x)4 f/, £ : [/ ^ A, (2.1) 

which turn U into a coalgebra in A'^-Mod. One of the subtleties to keep in mind is that 
unlike for A = k the counit e is not necessarily a ring homomorphism but only yields a 
left [/-module structure on A with action of u e U on a e A given by ua := e{u •< a). 
Furthermore, A is required to corestrict to a map from U to the Sweedler- Takeuchi product 
U XaU, which is the yl'^-submodule of U ®a U whose elements Yji Ui ®a Vi fulfil 

Yiia >-Ut ®A «j = I]j Ui ®A Vi < a, Va 6 A. (2.2) 

In the sequel, we will freely use Sweedler's notation A(u) =: M(i) 0a "^{2)- 

2.2. Hopf algebroids. In the same paper [SchJ . Schauenburg generalised the notion of a 
Hopf algebra to the bialgebroid setting. What he called x ^-Hopf algebras will be called 
left Hopf algebroids here. Again, we refer to [KoKrl] for the definition, examples and more 
background information, and only recall that the crucial piece of structure (in addition to a 
bialgebroid one) is the so-called translation map 

U^M^A-^U,, (2.3) 

for which we use the Sweedler-type notation 

Example 2.1. For a Hopf algebra over A = k, the translation map is given by 

U^ U(i) (X)fe 5(W(2)), 

where S is the antipode, and its relevance is already discussed in great detail by Cartan and 
EilenbergllCEl. 

We will make permanent use of the following identities that hold for the map (I2.3l i. see 
llSchl Proposition 3.71: 

Proposition 2.2. Let U be a left Hopf algebroid over A. For all u,v e U, a,b e A one has 

U+(l) ®A W+(2)W- 

W(l)+ ®A°P W(1)~W(2) 

U+(l) ®A U+(2) ®A°P U- 

U+ ®A"v M_(i) ®A W__(2) 

{uv)+ (X)^op (uu)„ 

U+U- 

e{u-.) *■ u+ 
{s{a)t{b))+ ®^op (s(a)i(6))_ 

where in l\2.4\ we mean the Sweedler-Takeuchi product 

U Xa'^p U := {Y,^ Ui (x)^op Vi e M ®a°p U^ I I]j "i •=> a ®a°p Vi = Xij "» ®a°p a >-Vi} , 

which is an algebra by factorwise multiplication, but with opposite multiplication on the 
second factor, and where in ( 12.701 ) and ([2.12}! we use the source and target maps 

s,t:A^U, s(a) :=77(a®fcl), t{b) := i^{l®kb). (2.13) 



Uxa<..U, 


(2.4) 


M(x),4 1 e U^ ®A I.U, 


(2.5) 


u®A°p 1 e M ®A°p U^, 


(2.6) 


-"(l) ®A W(2)+ ®A°P U(2)-, 


(2.7) 


u++®A-'p u^(S)aU+-, 


(2.8) 


""+«+ (S>A°p V-U-, 


(2.9) 


s{e{u)), 


(2.10) 


u, 


(2.11) 


s{a) ®A°p s{b), 


(2.12) 
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For us, the relevance of the translation map stems mostly from the fact that it turns 
the category C/°P-Mod of right [/-modules into a module category over the monoidal 
category [/-Mod. ExpHcidy, the product of iV e [/-Mod with M e C/°P-Mod is the 
tensor product of the underlying ^-bimodules with right action given by 

(n ®A m)u := u^n (x)^ niu^, u e U,m e AI, n e N. 

2.3. Module-comodules and anti Yetter-Drinfel'd modules. Throughout this paper, M 
will denote a right [/-module, and in fact one which is simultaneously a comodule: 

Definition 2.3. By a module-comodule (with compatible induced left j4-action) over a 
bialgebroid U we shall mean a right [/-module M e [/"P-Mod for which the underlying 
left A-module ►A/ is also equipped with a left [/-coaction 

Am : M -^ U^ ®A <.M, m ^ '^(-i) <S)a mi^o)- 

Recall, e.g. from 1,BJ, that Ajvf is then an ^''-module morphism M -^ U<,y. a ►Af , where 
C/« X A ► Af is the A^'-submodule of [/< (x)^ ^M whose elements Yji ^i (8)^ rm fulfil 

2]j a ►■ Ml ®A m, = Yii U.-L ®A mi <a,\lae A. (2.14) 

The following particular class of module-comodules was introduced in BHKhRSII for 
Hopf algebras and in ]B§[ for left Hopf algebroids: 

Definition 2.4. A module-comodule over a left Hopf algebroid is called an anti Yetter- 
Drinfel'd module (aYD) if the full ^''-module structure ►M, of the module coincides with 
that underlying the comodule, and if one has 

(r7iu)(_i) (x)^ (m-u)(o) = U-m(_i)U+(i) (x)^ m(o)U+(2) 

for all m e M, u e U. A module-comodule is called stable (SaYD) if one has 

W(o)"^(-i) = m. 

2.4. Tlie (para-)cyclic fc-modules C.{U,M) and Cl'"{U,M). The BataHn-Vilkovisky 
modules that we are going to study in this paper are obtained as the simplicial homology 
of para-cyclic fc-modules of the following form |KoKr2|: 

Proposition 2.5. For every right module M over a bialgebroid U there is a well-defined 
simplicial k-module structure on 

C.([/,M):=M(x)^=p(.[/,)®-^— 

whose face and degeneracy maps are given by 

r(m,ui,...,e(7/").u"-i), ifi = Q, 

d,(TO,x)= I (m, ...,u"~*m"-*+\...,m") //Is; is; 71-1, 
I (ttjm"'^, w^, . . . , m") ifi = n, 



(m, u^, . . . ,u", 1) ifj = 0, 

Sj{m,x)= \ (m, ...,u"-^l,?i"-J + \...,w") ifl^j^n-1, 
(m, 1,m\...,u") ifj = n, 



(2.15) 



Here and in what follows, we denote the elementary tensors in C.{U, M) by 

{m.,x) := {m.,u^, . . . ,u"), m e M,u^ , . . . ju"' e U. 

For a module-comodule M over a left Hopf algebroid U, the k-module C, ([/, M) becomes 
a para-cyclic k-module via 

Xn{m,x) = (m(o)U^,u^, . . . ,m",u" • • •uLm(_i)). (2.16) 

This para-cyclic k-module is cyclic if M is a stable anti Yetter-Drinfel'd module. 
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Recall that this means that the operators (di, Sj , t„) satisfy all the defining relations of 
a cyclic fc-module in the sense of Connes (see e.g. OCol or IIQ for the definition of a cyclic 
/c-module), except for the one that requires that 

equals the identity (we do not even require it to be an isomorphism) which, as mentioned 
in the proposition, is only satisfied when M is an SaYD module. 

The relations between the operators (dj,Sj, t„) imply that T„ commutes with all of 
them, so they descend to well-defined operators on the coinvariants 

C:^''{U, M) := C.(f/, M)/im (id - T.), 

and hence this becomes a cyclic fc-module. 

In this paper, we will not study the cycUc homology of this object, but rather the sim- 
plicial homology of both C. (U, M) and C^ {U, M) : 

Definition 2.6. For any bialgebroid U and any M e C/°P-Mod, we denote the simplicial 
homology of C. {U, M), that is, the homology with respect to the boundary map 

n 

b:=2(-l)'d„ (2.17) 

by H.{U, M) and call it the homology ofU with coefficients in M. For a module-comodule 
over a left Hopf algebroid, we denote the simplicial homology of C^'' ([/, M) by H^^ ([/). 

In general, H.{U, M) differs from H^'\U), see |HaKr21 for an example. However, if 
C.{U, M) is quasi-cyclic in the sense of Definition II. 31 we can apply IIHaKrll Proposi- 
tion 2.1]: 

Proposition 2.7. IfC. is a quasi-cyclic k-module, then the canonical quotient map 

C. ^C./im(id-t:+i) 

is a quasi-isomorphism of the chain complexes that are defined by the underlying simplicial 
k-module structures ofC, and C./ini(id — t*+^), respectively. 

This means that if C. {U,M) happens to be quasi-cyclic, then classes in H^^ [U] can be 
represented by cycles in C. {U, M) that are invariant under T.. 

Mostly, we will now work on the reduced (normalised) complexes of C.{U, M) resp. of 
C^^''{U, M) by the subcomplex spanned by the images of the degeneracy maps of these 
simplicial fc-modules. Being slightly sloppy, we will denote operators that descend from 
the original complexes to these quotients by the same symbols if no confusion can arise. 
Furthermore, we shall drop in all what follows the subscript on t and T indicating the 
degree of the element on which it acts. 

2.5. Tlie operators N, s_i and B. On every para-cyclic fc-module, one defines the norm 
operator, the extra degeneracy, and the cyclic differential 

n 

N:=2(-l)'"t\ s_i:=ts„, B = (id - 1) s_i N. (2.18) 

4 = 

Recall that B coincides on the reduced complex C.{U,M) with the map (induced by) 
s_i N, so we are also slightly sloppy about this and denote the latter by B as well, as we, 
in fact, will only consider the induced map on the reduced complex. 
It follows from the para-cyclic relations that one has 

B^ = (id-T)(id-t)s_is_iN, bB + Bb = id-T, (2.19) 

so in general B does not turn H.{U, M), but only H^'\U), into a cochain complex. 

In the case of an SaYD module M one can give a compact expression for B: one first 
computes directly with the help of ( 12.51 1. (12.61 1. ( I2.7l l. and (12.8b the powers of t: 
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Lemma 2.8. If M is an SaYD module, the i"* power for 1 < z ^ n of the cyclic operator 
t can be expressed as 

where we abbreviated here, as elsewhere, {m, x) = {m, u^, . . . , u"). 

Then a further direct computation gives: 

Lemma 2.9. If M is an SaYD module, the action of B = s_iN on C.{U,M) can be 
expressed as 



s_iN(m,x) = X!("l)*"(™(o)"+(2)---"V(2):"+ ' 



i + 1 

^=o (2.20) 

ri 77 1 1 7 \ 

. . . , -U+, u„ ■ • ■ u_m(_i), u_^(;^), . . . , u+(i)). 
Example 2.10. For n = 1, the above expression reduces to 

s„iN(m,u) = (m(o),M+,M_rn(_i)) - (m(o)U+(2), M-m(_i), m+(i)). 
In particular, for a Hopf algebra over A = k this reads 

s_iN(m,M) = (m(o),-«(i),S'(u(2))m(_i)) - (m(o)M(2), S'(M(3))m(_i), W(i)). 

3. The Gerstenhaber algebra 

Unless stated explicitly otherwise, U is throughout this section an arbitrary left A- 
bialgebroid. We will first give explicit formulae for a canonical DG coalgebra structure 
A^ on the chain complex {P, W) that is obtained when applying the bar construction for 
the comonad U (S)a°p ■ to the unit object A e [/-Mod. Applying Hom[/(-, A) to P yields 
a cochain complex {C'{U, A), S). On the underlying graded vector space we define the 
structure of a (nonsymmetric) operad with multiplication. This, in particular, defines a DG 
algebra structure (C* {U, A), ^,5) and a Gerstenhaber algebra structure on its cohomology 
H'{U, A). The fact that this DG algebra coincides with the one obtained by dualising the 
DG coalgebra structure on P proves that as long as L/ is a right A-projective left Hopf 
algebroid, H'{U, A) is the cohomology ring Extii{A, A) that we studied in BKoKrlH . 

We will throughout use the convention in which DG algebras are cochain complexes 
while DG coalgebras and DG modules over DG algebras are chain complexes. 

3.1. The bar resolution P. The bar construction for U (x)^op ■ applied to A e [/-Mod 
yields the chain complex {P., b') of left [/-modules, where 

P„ := (.[/0®-^°"'+^ 
is a [/-module via left multiplication in the first tensor component, and b' is given by 

n-l 

b'(uO, . . . , w") := 2 (-1)^(«°, • • • > u^^"-', ■ • • , ^") 

+ (-l)"(?/°,...,u"~2,e(w") ►«"-!). 
Note that the tensor product over A°p is chosen in such a way that 

(w°,...,a ►■w*,w*+\...,w'' 
holds, which is necessary for b' to be well-defined. We recall IKoKrll Lemma 2]: 



■° ..-..»-..»+! ^i") = (wO,...,u\u'+i<a,...,u") 



Lemma 3.1. IfU is a left Hopf algebroid and [/< e A°P-Mod is projective, then {P., W) 
is a projective resolution of A e [/-Mod. 
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3.2. The DG coalgebra structure on P. As [/-Mod is monoidal, so is the category of 
chain complexes of [/-modules and our aim is to turn P into a coalgebra in this category. 

Definition 3.2. We define 

n 

A-:P^P(g>,P, A-(u°,...,w"):=;^A-,(uO,...,w"), 
where for z = 0, . . . , n the maps A^^ : Pn -^ Pi ®a Pn~i are given by 

We verify by direct computation: 
Lemma 3.3. A^ is coassociative. 
Proof. For j = 0, . . . , i, we have 

((A-(x),idp_)A-,)(«o,...,w") 

= (M(i), . . . ,W(i)) <S)a (M(2) • • ■'"(2)''"(1) ' • ■ • '"(1)) 
'^^ \'^{3) ' ' ' ^{3)^(2) '''^(2)''^ ,...,U ), 

and for j = 0, . . . , n — i, we have 

((idp,®,A^,^.)A,;:,)(«°,...,«") 

= (W(i), . . . ,U(i)) ®A (M(2) ■ ■ ""(2) '""(I) ' • ■ • i"(l) ) 
^A l"(3) "(3)'^(2) "(2) ' " , . . . , U ). 

So for A^ to be coassociative, we need 



n I 



®A (''^(3) ' ■ ' ^(3)^(2) ' ' ' ^^(2)' ^ J ■ • • I ^ ) 



n n— r 



- 2_, 2j ("(1)' • • • '"[l)) ®-4 ("(2) ' ■ ""(2)'"[l) '• • • ''"('l)'') 
r=0 s = 

which is seen to be correct by some basic substitution in the indices, writing first 

n i n n 

i=0 j—Q j~Oi~j 

and then substituting j by r and ihy s = i — j. D 

Proposition 3.4. If we define 

e'' ■=e:Po = U ^ A 

ande^\p^ = Oforn > 0, then (P,b', A^,e^) is a differential graded coalgebra. 

Proof. Both the counit property and the Leibniz rule 

A^ b' = (b' (x).4 idp + idp ®4 b') A^ (3.1) 

are easily verified. We only remark that the above Equation (13.11 ) is meant to be interpreted 
using the Koszul sign convention, meaning that we have for all c e Pp,d e Pq 

(idp®^b')(c®4d) = {-lfc®^h'{d), 
but (b' (S)a idp)(c(x)^ d) = b'(c) (x)^ d, as idp is of degree 0. D 
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3.3. Comparison of P and P (S)a P- Recall that so far it is sufficient to assume t/ to be a 
left A-bialgebroid which is the algebraic underpinning of the fact that C/-Mod is monoidal 
with unit object A. Using, for example, the standard spectral sequence of the bicomplex 
P. ®A P., one easily verifies that the tensor product P 0^ P has homology A (x)^ A ~ A; 
so it is, like P, a resolution of A. However, only when [/ is a left Hopf algebroid, P 
and P 0A P are necessarily quasi-isomorphic since in this case the tensor product of two 
projectives in [/-Mod is projective LKoKrl. Theorem 5]. Proposition l3.4l tells us that 

A^:P^P®^P, [dp (S)A e^ : P ®A P ^ P 

are morphisms of chain complexes that are one-sided inverses of each other In the left 
Hopf algebroid case the following proposition provides a homotopy that shows that the 
maps become in this situation quasi-inverse to each other. Note that this proposition is true 
for all left Hopf algebroids, assuming no projectivity of U over A (although, of course, 
without that P is not necessarily a projective resolution). 

Proposition 3.5. If U is a left Hopf algebroid over A, then the maps 
h„ : @ P^ ®A Pj -^ Pk^A Pi 

i+j=n k+l = n+l 

given by 

- ^ (-ir(«'|(i), . . .,«;(!)) ®A «(2) ■ ■■n\^^yU^+\.. . ,nV,«L ■ ■■u°_v\v\. . .,v^) 

r = 

define a homotopy equivalence 

A^ (idp ®A e^) ~ idp(x)^p, 

so A^ and idp ®a £^ cire mutual quasi-inverses and we have P ^ P (x)^ P as objects in 
the derived category T)^ ([/). 

Proof. In degree n = 0, the homotopy is 

ho : U®^ U 1-^ U+(l) ®A (u+(2),U-W) = U(i) ®a (u(2)+, '"(2)_w) 

and using the bialgebroid axioms as well as (I2.4l l- (l2.12b . we get 

((ida ®a b') ho)(M ®A v) = "(1) ®a {u(2)+U{2)-V - e{u(^2)-v) > U(2) + ) 

= "(1) ®A £{u(2)) '^v - U(i) ®A £(e(«) ►■ W(2)-) ► "(2) + 

= U(i) -3 £(U(2)) ®aV - M(i) ®A £(W(2)-) ►■ W(2)+ <■ £{v) 
= U®aV - M(i) ®A U(2) <= £{v) 

= (idt/(x)A;7 - A^ {idu ®a £^)){u ®a «)■ 
Analogously, one computes that one has also for n > 

h„-i (b' ®A idp + idp ®a b') + (b' 0a idp + idp ®a b') h„ 
= idp- A^'Odp^^e-^). D 

This fact demonstrates, on the one hand, the homological difference between the bial- 
gebroid and the left Hopf algebroid case, and it also illustrates, on the other hand, that the 
cup and cap products we define below are indeed the derived versions of the composition 
and contraction product that we dealt with abstractly in HKoKrll . 
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3.4. C ([/, N) and the cup product. We retain the assumption that U is an A-bialgebroid 
and further denote by P the DG coalgebra defined in the previous sections. 

Definition 3.6. We define for all N e [/-Mod the cochain complex 

C-{U,N) :=Hom[/(P.,7V) 
with coboundary map S := Hom[/(b', N), that is, 

d:CP{U,N)^CP+^{U,N), 5^:=(pb'. 
Furthermore, we define the cup product -^ : C'{U, A) ®k C'{U, N) -^ C'{U, N) by 

{0 - V))(c) := V'((p(C(i)) t> C(2)) = '^(C(i)) !> V'(C(2)), 

where C(i) (x)^ C(2) is A''(c) in Sweedler notation. 

Note that for N = A the cup product becomes simply the convolution product 

((^ - '0)(c) = (^(c(i))i/'(c(2)), (3.2) 

and that Proposition l3.4l implies: 

Corollary 3.7. {C'{U, A), 5, ^) « a differential graded algebra and {C'(U, N), S, ^) is 
a differential graded left module over C {U, A). 

By [/-linearity of ip e C' ([/, A) we obtain in a standard fashion the isomorphism 

CP{U,N)^^CP{U,N):=RomA-^p{U®^'"'P,,N), ^ ^^ ^ := V3(l, ■)■ (3-3) 
The inverse map is given by 

^ ^ {0 : {u°,. . . ,un -^ u%{u\. . . ,un}. 
Under this isomorphism, the differential 5 is transformed into 

5:C'{U,N)^C'+\U,N) 
given by 

6ipiu\...,uP+^) ■.= u^ip{u\...,uP+^) 

+ j]{-iy^{u\...,uV+\...,uP+') (3.4) 

i=l 

+ (-l)^+V("\---,eK+')-uP)- 

Observe that by duality, C'{U, A) carries the structure of a cosimpUcial fc-module. This 
wiU be used in Definition 15 . 5 1 when defining the associated reduced complex C'{U, A). 
Finally, the cup product can be expressed on C {U, A) as follows: 

Lemma 3.8. The cup product l\3.2i assumes on ip e Cp{U, A),ip e C'^{U, A) the form 

{ip^ij){u\...,vF+'') = ip{u\...,uP-\^iuP+\...,uP+'>) ►u"). (3.5) 

Proof. For [/-linear ip : Pp ^ A and ip : Pq ^ A, the explicit meaning of (13.2b is on an 

element P„ 3 c := (w°, . . . , u") 

{ip^ip){c) = I '^Kl)'•■•'"a))'^'K2)■••"('2)'"^'^^■•■'"") ifp + 9 = ", 

I otherwise. 
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Using the [/-linearity of the cochains, the Sweedler-Takeuchi property ( 12.21 ). the fact that 
all ^-actions on U commute, and the property of the tensor product in question, we obtain 

'fiu"!), • • ■ , "('i))V'(W(2) • • ■ ^('2), U^^^S • ■ • , W") 

= <^(W(l),---,"('i))e("°2)--""('2)'' V'(1,U^^\ ■••,■"")) 

= "^("(l) " e("(2) ■• e(W(2) ■•■■•-• '^("('2)) • • •)): "(1): ■ ■ • : i'ih UP'^\ • ■ • , UP+'') >- U^^)) 

= 0{u°,u\...,uP-\^l>{l,uP+\...,uP+'') >'UP). 
Applying now the isomorphism ( 13.31 1 yields the claim. D 

In the following, we will mostly be working with this alternative complex {C'{U,A), S) 
and small Greek letters will usually denote cochains therein. 

3.5. The comp algebra structure on C (C/, A). For the construction of the Gerstenhaber 
bracket, we associate to any p-cochain (p e Cp{U, A) the operator 

D^ : [/®A°PP ^ f/, {u\...,uP)^^iuly...,uP^^).ulyuP^y (3.6) 

For zero cochains, i.e., elements in A, this becomes the map A ^i' U,a 1-^ s{a), where s is 
the source map in ( 12.13b . 

These operators provide the correct substitute of the insertion operations used by Ger- 
stenhaber to define what he called a pre-Lie system in BGell and a (right) comp algebra in 
BGeSchl ■ Indeed, we can now define, in analogy with BGeL the Gerstenhaber products 

or.CP{U,A)®kC''{U,A)^CP+'i-\U,A), z = l,...,p, 

by 

(<^o,V^)(z,\...,uP+^-i) 

■.= ^{u\...,u'-\D^{u\...,u'+'i-^)y+\...,uP+'^-^), 

and for zero cochains we define a Oj i/; = for all i and all -ip, whereas 

ipo.a := ip{u^,. . . ,u'"\s(a),u\. . . ,u^""^). 

These Gerstenhaber products satisfy the following associativity relations: 

Lemma 3.9. For ip e CP{U, A), ij: e C^iU, A), and x e C"'(C/, A) we have 



{p o, ip) Oj X 



(^ Oj X) Oj+r-l tp ifj < i, 

tp Oj {ip Oj_j+i x) if i ^ j < q + i, 

{'PO]-q+iX)oitp ifj^q + i- 



Proof. Straightforward computation. D 

The structure of a right comp algebra is completed by adding the distinguished element 
(analogously to BGeSchl p. 62]) 

p:=emueC^{U,A), (3.8) 

where m^j is the multiplication map of U. 

Remark 3.10. The associativity of iriu implies jjl oi p = fi 02 p.- Furthermore, one has 

D^ = m„, (3.9) 

as will be used later. 
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Remark 3.11. Equivalently, this structure turns 0{n) := C'^{U,A) into a nonsymmet- 
ric operad in the category of fc-modules, see e.g. BLVI §5.8.13] or IMaShnStllMelL with 
composition 

0{n) (x)fc Oih) (x)fe ■ • . ®fc 0{in) -^ 0{ii + • ■ • + i„) 
given by 

(^®fc'0i®fc ••■®fc'0n ^ <^(D^i(-),D^2 (•),..., D^„(-)). 

Together with /i, the operad O becomes an operad with multiplication whose unit is id^ e 

C"{U,A). 

3.6. The Gerstenhaber algebra H'{U, A). Recall that \n\ = n - 1. 

Definition 3.12. For two cochains (p e Cp{U,A),^ e C'^{U,A) we define 

p 

i=l 

and their Gerstenhaber bracket by 

{ip,il)} := Lpoil) - {-l)\p\\'i\^oip. (3.10) 

Furthermore, one verifies by straightforward computation: 
Lemma 3.13. For ip e Cp{U, A) and ip e C'^{U, A), we have 

ip ^ Ip = (fj. Oi ip) Op+i ^ = (^ 02 V') Ol ip 

and 

Sp = {^i,ip}. (3.11) 

We can now state the main theorem of this section (cf. Theorem ll.2l i. which follows 
from Gerstenhaber's results. First, let us agree about notation: 

Definition 3.14. For a bialgebroid U and every N e [/-Mod we denote the cohomology 

of C'{U, N) by H'{U, N) and call this the cohomology of U with coefficients in N. 

Remark 3.15. If [/ is a right A-projective left Hopf algebroid so that P is, in view 
of Lemma [TT] a projective resolution of A e t/-Mod, then we have H'{U,N) ^ 
F,xtu{A, N), but in general we use the symbol H'{U, N) for the cohomology of the ex- 
plicit cochain complex C'{U, N). 

Theorem 3.16. If U is a bialgebroid over A, then the maps ( 13.5b and (13. 7 Oi l induce a 
Gerstenhaber algebra structure on H'{U, A). 

Proof It is a general fact that by using the above formulae for 6, ^ as definitions, any right 
comp algebra becomes a DG algebra on whose cohomology {•, •} induces a Gerstenhaber 
algebra structure, see e.g. llGeSchI iMcCSmil and the references therein. D 

Remark 3.17. The fact that the cup product is graded commutative up to homotopy fol- 
lows abstractly using the "Hilton-Eckmann trick", see, e.g., |Su| or |KoKrL Theorem 3] 
for the concrete bialgebroid incarnation. In Gerstenhaber's approach it follows from 

(-l)l'l¥Jo5V - {-l)^'^^S{ipd^p) + Sipo^ = ^^ip- {-l)Piip - V, 

which means that d{<poip) = {—l)'^(jl; -^ ip — {—ly^tpi ^ iji) \f ip and 'tp are cocycles, so 
their graded commutator is a coboundary. 

Remark 3.18. If A is commutative and r/ factorises through the multiplication map of A, 
that is, if the source and target maps of U coincide so that a » u = w <i a holds for all 
a 6 A, u 6 [/, then the tensor flip 

T -.U ®aU ^ U ®aU, U®aV ^^ V®aU 
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is well defined. Consequendy, it makes sense to then speak about cocommutative left Hopf 
algebroids, meaning that t o A = A. For example, this holds for the example of the 
universal enveloping algebra of a Lie-Rinehart algebra, see ^ In this case an explicit 
computation shows that the Gerstenhaber bracket {•, •} vanishes which is clear also for 
abstract reasons, see flTail . 



Remark 3.19. Before moving on we also quickly remark that the reader may find formulae 
for Gerstenhaber brackets in the literature that use a slightly different sign convention. 
Some confusion that arises from this can be avoided by using the notion of the opposite 
{V, ^op, {•, 'lop) of a Gerstenhaber algebra {V, ^, {•, •}): this is defined by 

u -^op V := V -^ u, {u,v}op ■■= -{v,u}, 

and it is verified straightforwardly that this indeed is a Gerstenhaber algebra again. When 
defining a Gerstenhaber algebra from a right comp algebra, the same changes can be made 
on the level of the comp algebra itself. The differential then has to be rescaled on degree p 
by a factor of (— 1)^ in order to obtain a DG algebra again. 

4. The Gerstenhaber module 

This section introduces the structures on homology that correspond to the cup prod- 
uct and the Gerstenhaber bracket on H'{U, A): the cap product between H'{U, A) and 
H.{U, M) and then a Hopf algebroid generalisation of the Lie derivative that has been 
defined by Rinehart on Lie-Rinehart and Hochschild (co)homology. This, for module- 
comodules M over a left Hopf algebroid U, will be defined only on H^'^ {U) rather than on 
H.{U, M) , and dually it will be necessary to replace H'{U, A) by a Gerstenhaber algebra 
H'j^,j{U) that is the cohomology of a suitable comp subalgebra C\j{U) c C'{U, A) . 

4.1. C.{U, M) and the cap product. The first steps in this section are completely dual 
to those in the previous one. First of all, we define the homology of a bialgebroid with 
coefficients in a right module. The following is the counterpart of Definition l3.6l 



Definition 4.1. For any bialgebroid U and any M e C/°P-Mod we define 

C.iU,M):=M®uP., 

which becomes a chain complex of fc-modules with boundary map b := idAf (x)[/ b'. Using 
the coalgebra structure A^ of P, we furthermore introduce the cap product 

- : CP{U, A) ®fc CniU, M) -^ Cn-piU, M) 

by 

tf ^ {m®u c) := m ®u C(i) <i <^(c(2)). (4.1) 

Analogously to (13.3b . we have an isomorphism of fc-modules 

C„ iU,M)^^ Cn {U,M) = M ®^=p C/®^- " , (4.2) 

given by 

m®u {u°,- ■■ ,w") i-^ (tou°,u\...,m"). 
Here and in what follows, we are again using the notation 

[m, u^ , . . . , u") := m(x)^op u^ (2)^op ■ • • (g^^op u" 
to better distinguish the tensor product over yl°P from that one over A. 

Remark 4.2. As a straightforward computation shows, the simplicial differential b from 
(12.17b differs from the one induced by b only by a sign factor: if we suppress the isomor- 
phism (14.2b . then we have on C„(t/, M) 

b = (-l)"b, 

so the two boundary maps yield the same homology H, {U, M). 
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Remark 4.3. In analogy with Remark fS.lSI if [/ is a right A-projective Hopf algebroid, 
then we have H.{U, M) ~ Tor^(Af, A). 

Let us compute what happens to the cap product under the isomorphisms (13.31 1 and ( I4.2l l: 

Leiiuna 4.4. The cap product of (p e C^{U,A) with {m,x) e Cn{U, M) is given by 

^- (m,x) = (m,w\...,w"-P-\^(u"-|Pl,...,u") ►u"-"), (4.3) 

where we again use the abbreviation {m, x) = {m, u^ , . . . , u") as in Proposition \2.5\ 



mi 
mi 



Proof. For (p e Cp{U, A) (recall that these are the [/-linear cochains), we have by a com- 
putation similar to that in the proof of Lemma 1378] 

•fi^ {miS,uiu°,...,u")) 

= v3(«02) ■ ■ -^^j-^u"-!"!, . . . ,«")m®c; («0i), . . . ,«'(\-^) 

K«(2) ■ ■■"^27 " V5(l,"""l''l, ■ • . ,«"))m®„ («o,), . . . ,«"i7) (4.4) 

.®„ (««i) < £(4) ■ --u^i^n,-- . ,«;^i7''-\^(i,«"-i''i, ...,«") ►"^i^n 

The claim follows by applying the isomorphisms ( I3.3l l and (14.2b . D 

In the sequel we will carry out extensive computations concerning algebraic relations 
satisfied by the operators 

6^ := V? - • : Cn{U, M) -^ C„_p(C/, M). 

As a first illustration, we formulate the following analogue of Corollarv l3.7l in this notation. 
This could still be nicely written out using ^, but the computations in the subsequent 
sections will be too complex for that. 

Proposition 4.5. (C. {U, M), b, ^) is a left DG module over {C'{U, A), 6, ^), i.e., 

[b, t^] = is.^, (4.6) 

where [•, ■] denotes the graded commutator, that is, we explicitly have for ip e C^{U, A) 

[b, t<^] = bt^ - (-l)^iy b, 

as iip is of degree p while b is of degree 1. 

Proof. This follows instantly from the DG coalgebra axioms when using the original pre- 
sentation (14.1b for the cap product. D 

Consequently, {H.{U, M), ^) is a left module over the ring {H'{U, A), ^). 

4.2. The comp module structure on C.{U, M). A finer analysis, parallel to the one car- 
ried out for C'{U, A) in Sj33] shows that C. {U, M) carries a structure that we will refer to 
as that of a comp module over C* (C/, A): 

Definition 4.6. A comp module over a comp algebra C* is a sequence of fc-modules C, 
together with fe-linear operations 

•i : CP (x)fc C„ -^ C„_|p| , i = l,...,n-\p\ 

satisfying for p e C^, V' e C"?, y e C„, and j = 1, . . .n — \q\ 



(p»i {ip ' 



ijj •j {ip .j+i,! y) ifj < i sS n - IpI - \q\, 

{ipOj^i+iip)»iy ifj-\p\^i^j, (4.7) 

V^ *j-\p\ iftV) if 1 s; i < j - \p\. 
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Of course, the middle line in (14.7b can also be read from right to left so as to get an idea 
how an element ip oi'ip acts on C. via •i. 
In our case, we define for i = 1, . . . , n — |p 

., : CP{U,A) ®fc C„{U,M) ^ C„_|p|(C/, Af) 

by 

if ., (m, x) := (m, u\ . . . , u'~\ D^{u\ ..., m*+IpI), u'+p , . . . , w"). (4.8) 

Observe that for zero cochains, i.e., for elements in A, this means that 

a 'i (m, x) := (to, u^ , . . . , u^~^ , s{a),u^, . . . , m"), i = 1, . . . , n + 1, 

where s is the source map from (12.131 1. 

One verifies by straightforward computation: 

Lemma 4.7. The operations i4.8\ turn C,{U, M) into a comp module over C'{U, A). 

Remark 4.8. Despite the similarity, the associativity relations (14.7) are quite different 
from those that hold for the Oj in a comp algebra. For example, there seems to be no 
way to express the cap product ^ in terms of fi and •i by a formula analogous to the one 
given in Lemma [3. 131 for the cup product ^. However, Lemma l4.18l below will provide a 
counterpart of the second part of Lemma 13.131 

For later use, let us also note down the following relations: 

Lemma 4.9. Let ip e Cp{U,A), i/j e Ci{U,A), and (to, a:) e Cn{U,M). For i = 
1, . . . , n — Ip + (/I one has 

{(p ^ tp) •; (to, x) = ^ "i {ip •i {^p "i+p (to, x))) , (4.9) 

^ 'i {i' ^ {'m',x)) = ^p ^ [ip •i {m,x)). (4.10) 

Proof. Eq. ( 14.91 1 is easily proven by means of the Sweedler-Takeuchi property (I2.2l l and 
(13.9b . Eq. (14.10b follows from the fact that the coproduct of U is an A'^-module homomor- 
phism. D 

Similar as for the cap product with a fixed cochain, we introduce a new notation for the 
operator tp»i-, where p e C^ {U, A), in order to keep the presentation of our computations 
below as compact as possible: whenever p ^ n and for i = 1, . . . , n — |p|, we define 

D^J-" : Cn{U,M) ^ C„_|p|(C/,Af), {m,x) ^p., (to,x). 

In particular, we will make frequent use of the short hand notation 

For example, in this notation we have: 

Lemma 4.10. For any ip e €^{11, A), for sg p < n we have on C„ [U, M) 

doD; = V- (4-11) 

d,D; = D;d,+ ,p|, for i = 2,...,n-\pl (4.12) 

s,D; = D;s,+|p|, for j = l,...,n-|p|. (4.13) 

Proof. Using (12.15b . (14.3b . and with D^ as in ( 13.6b . Eq. (14.11b follows directly from the 
identity 

eD^ = ip, 
which we prove now: one verifies in a straightforward manner that 

A : [/®^-P ^ (t/®-^-P), ®^ M, {u\.. .,un^ (wji), . . . ,u^i)) ®A ^[2) ■ • -"(2) 

defines a right [/-comodule structure on (C/®-^"'''')^. Using source and target maps from 
( 12.13b and denoting by m^r the multiplication in U, we can then write 

eD^ = emu {s(p IS) id) A = erriu [spi (g) se) A = ((p(x)e)A = prriuop {id iS)te) A = ip, 
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which holds by yl-linearity of a bialgebroid counit, the right A-Hnearity of ip and the fact 
that A is a coaction. 

Eqs. ( 14.12b and (14.13b follow by straightforward computation, using the fact that the 
involved face and degeneracy maps can be written as 

di{m,x) = fj.»n^i{m,x), . 

) ; 7i ^ / \ fori,j = 1, . . .,n - 1, 

Sj{m,x) = (elu) "n^iii (m, x), 

where {m,x) e C, {U, M), and then applying the properties (14.7b . D 

4.3. The comp algebra Clj{U). When [/ is a left Hopf algebroid (not just a bialgebroid 
as before) and M is a module-comodule, the para-cyclic structure on C.{U, M) given in 
Proposition l2.5l relates the products "^ to each other: 

Lemma 4.11. For any ip e C^{U, A), we have for Q ^p ^n and (m, x) e C. {U, M) 

\X.[L^s^i(m,x)) Jori = n-\p\. 

Proof. The case for l^i^n — pisa simple computation using (12.7b and (12.121) : 

ip»i (t(m, u\...,-u")) 
= (m(o)<,<, . ..,u\, D^«+\ . . . ,u'+P),<+P+\ ...,ul,ul- • •«im(_i)) 
= (m(o)<, <, . . . , {D^{u'+\ ..., u'+n) + , ■ ■ ■ 

...,<, 7/'l •• • {D^{u'+\ ..., u'+P))_ ■ ■ ■ uim(_i)) 

= t(v9»i+i (m,u\...,w")). 

As for the case i = n — \p\, one first observes that no aYD condition (i.e., compatibiUty 
of [/-action and [/-coaction) is needed for the explicit computation, which we leave to the 
reader. D 

The comp module structure of C.{U,M) does not descend, for general module- 
comodules M over left Hopf algebroids, to the universal cyclic quotient Cl^° {U, M). Since 
we will have to work from some point on on the latter, we define: 

Definition 4.12. If [/ is a left Hopf algebroid and M is a module-comodule, we define 

Cl,{U) := {^ e C-{U,A) \ D-'(im(id - T)) c im(id - T)Vi}. 

Obviously, one has Cj^(C/) = C'{U,A) whenever M is an SaYD module. Observe 
furthermore that the middle relation in (14. 7t immediately implies: 

Lemma 4.13. C\[ (U) c C (U, A) is a comp subalgebra. 

In particular, it is a DG subalgebra, so it makes sense to talk about its cohomology: 

Definition 4.14. Thecohomology of C;^^([/) will be denoted by iJj;^(C/). 

Applying Eq. ( 14.14b repeatedly, one obtains that on 0°/" {U, M) all operators D"** can be 
expressed in terms of D' and the cyclic operator More precisely. Lemma l4?7l respectivelv 
Eq. ( I4l0l l imply: 

Lemma 4.15. If M is a module-comodule over a left Hopf algebroid U, then for any 

ip 6 Cfj{U) and ip e C\j{U) we have 



Qith ^ 4.n-|p|-iQ' 4.J+P 


i = 1, 


...,n- IpI, 


(4.15) 


and 








t"-b+9l-«D;f+PtV- = 


= t^t"-|Pl' 


-^D'^f+P 


(4.16) 


as operators on Cl'"'{U, M). 
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We conclude this subsection with another technical lemma: 

Lemma 4.16. Let M be a module-comodule over a left Hopfalgebroid U and ip e C\j{U) 
as well as ijj 6 C\,j{U). 

(i) Ifip is a cocycle, then the equation 

diO; = Y,{-iy+<^D'^d, + (-l)9ditD;,t" (4.17) 

holds for < q<non Q^"(t/, M). 
(»' ) For ^ p ^ n, the identities 

D;=tt^s_it" (4.18) 

and 

i^s_i=t"-HD;t (4.19) 

holdonC:'"'iU,M). 

Proof All statements are either obvious or follow by a straightforward computation. For 
example, (14.171 1 is proven with the help of (14.15b and (Il4l i. Eqs. ( 14.18b and (14. 19b follow 
directly from (14.14b as we have id - T = on 6*7" {U, M). D 

4.4. The Lie derivative. Now we define a Hopf algebroid generalisation of the Lie de- 
rivative that will subsequently be shown to define a Gerstenhaber module structure on 
H^'\U). Throughout, f7 is a left Hopf algebroid and M is a module-comodule. 

Definition 4.17. For ip e Cp{U, A), we define 

in degree n with p < n + 1 to be 

C^:= Y, (-l)'^'"t"-|Pl-' D; t'+P + £ {-lfT\^'\p\ d; x\ (4.20) 

1=1 i=l 

where the signs are given by 

In case p = n + 1, we set 

and forp > n + 1, we define £^ := 0. 

We will speak of the first sum in the Lie derivative as of the untwisted part and of the 
second sum as of the twisted part, a terminology which will become vivid in il4.5l 

Clearly, C^p descends for (p e Cli{U) to a well-defined operator on Cl^'{U,M). In 
particular, this applies to the distinguished element p from (13.8b . For this specific cochain, 
we obtain the following counterpart to the second half of Lemma [3.13l 

Lemma 4.18. The differential ofCl^''{U, M) is given by 

b = -£.. (4.21) 
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Proof. Using ( 13. 9t . one obtains D' = di and correspondingly for the Lie derivative by the 
relations of a para-cyclic module: 

n-l 2 

i=l ?-l 

n-1 

= 2 (-l)"-'+'d„_, t" + i - d„ t" + (-l)"+id„t"+i 

i=l 
n-1 

= 2 (-l)-'^'^J t"^' - ^0 t"+i + (-l)"+id„t"+i = -b 

J = l 

on the quotient C^"^ {U,M). U 

4.5. The case of 1-cochains. For the reader's convenience, we treat some special cases in 
detail that will help understanding the general formula for C^ and how it has been derived. 
First of all, consider a 1-cochain ip e C^{U,A). By extending scalars from k to the ring 
k\r\ of formal power series in an indeterminate r, we define for any fc|r] -linear map 

D:C„(C/,M)H^C„(t/,A/)[rl 

the operators 

tD:=Dt, T°:=(t°)"+i. 
We apply this with D being the exponential series 



exp(r.^) ■=YA-{rD'^ 



7' 

Thinking of a 1-cocycle (^ as of a generalised vector field, of exp(riy9) as of its flow, and of 
as of a curvature along an integral curve motivates the fact that a short computation yields 
for n > 0, which in this case is explicitly given by 

n n 

i=0 i = l 

Next, let us study C^ in greater detail on C^'"'(J7, M). Note first that, when descending 
to the quotient C^''{U, M), the untwisted part in (I4.20l i can be written as follows: 

n — IpI n — Ip 

2 (-l)'"'V"l''l-'D;f+P(m,a;)= Y, {-lY^"'^Ti^^^) 

i=l i = l 

n-\p\ 

i=l 

If we now introduce the operator 

then C^ can be further rewritten as follows: 

Proposition 4.19. For every module -comodule M over a left Hopf algebroid U, the Lie 
derivative Hip for ip 6 C\j{U) assumes on C'j^°{U, M) the form 

n 

CJm, x) = V (m, u\ . . . , D;o(-u'), . . . , -u") 

ti (4.22) 

+ (m(o),-u^,...,u""\^(u" ■•■uLm(_i)) >-u"). 
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This can be alternatively written as 

n 

C^(ra,x) = ((p(m(_i))m(o),M"'", . . . ,m") + 2j {'m,u^ , ..., D^ («'),... ,«") 

1=1 

n 

+ ^ (m,-u\...,E^(«^),...,«") (4.23) 

j = l 

n 

fc=i 

Proof. The explicit form for the untwisted part of C, i.e., the first summand in ( I4.22l i was 
explained above, whereas the twisted part follows by a straightforward computation using 
the powers of t in Lemma IZSl Eq. ( 14.23b follows by using Eq. ( 13.4b for p = 1 as well as 
(El and (irTTT i. D 

Example 4.20. In degree n = 1, the above reads 

C^{m,u) = ((/7(m(_i))TO(o),u) + (to,(^(-U(i)) >U(2)) + {m,(p{u^) f u+) 
- (TO(o),(5¥'(u_,m(_i)) >-u+), 

and in degree n = 2 it becomes 

C^{m,u,v) = (v3(m(_i))TO(o),M, w) + {m,Lp{u(i)) >U(2),f) + (m, u, v?(w(i)) >'y(2)) 

- (m(o),(5</7(u_,m(_i)) •■u+,u) - (m(o), u+, (5(/7(t;_, u_m(_i)) »■«+). 
Example 4.21. In case ip is a l-cocycle, one has the cocycle condition 

Lp{uv) = e[ip{v) ►u) + ip(^e{v) ►u), (4.24) 

which implies (p{l) = 0. The Lie derivative in degree zero then reads, as before 

C^{m) = v3(m(_i))m(o) = </?(to(_i)) >-m(o), 
whereas in degree n reduces to 

£^{m,x) = ((/3(TO(„i))m(o),u\...,-u") 

+ 2 (m,u\...,D^(w*),...,M") 



j=i 



(4.25) 



+ XI (w,m\...,E^(u^),...,u") 



In particular, in degree one this reads 

C^{m,u) = ((^(m(_i))TO(o),w) + (to, (^(u(i)) i>'U(2)) + (to,</j(u_) >-u+). 

Observe that in (14.25b the single summands where the E^ appear are not well-defined but 
only their sum is (a similar comment applies to (14.23b ). To exemplify this, consider in 
degree 2 the map 

{u,v) ^ {E^{u),v) + {u,E^{v)). 
Using ( 14.241 ) and ( 12.121 ). one has 

(a >-u,v) ^ (E^(u), w a) + [u,v<i ip{s{a))) + (a ►■ u, E^{v)) , 
and it is easy to see that (u, v o a) has the same image. 
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4.6. The case of an SaYD module. In the case of stable anti Yetter-Drinfel'd modules, 
one can find an expression for £^ on Cl^" {U, M) analogous to the one given in ( 14.221 1 for 
the special case of 1-cochains. This is achieved by the following result: 

Proposition 4.22. IfM is an SaYD module and (p e C\,[{U), one has on Cj^iU, M) 

Y, (-1)*'"'" (m, «l, . . . , D^K- . . . , «'+IPl), . . . , n") 

i = l 

i = 

'P(«+ ,•■■,«+,«- ■■■«-"»(-!), -"+(!), •■•,"+(1)) ►«+ )■ 



Proof. Straightforward computation using Lemma 12781 as well as Schauenburg's relations 
(I2.4b -( |2T2] |. the fact that the two A'^-module structures originating from the [/-action and 
t/-coaction coincide for SaYD modules, and the Sweedler-Takeuchi condition (12.141) for 
comodules. D 

Example 4.23. Forp = 2 and n = 3, this reads: 

jCy,{m,u,v,'w) = -(to, D^{u,v),w) + [m,u, D^{v,w)) 

- (TO(o),M+,(^(u)+,w;_u_M_m(_i)) >-v+) 

4.7. The DG Lie algebra module structure. We now prove that the Lie derivative C 
defines a DG Lie algebra representation of (Cj^^ ([/)[!], {.,.}): 

Theorem 4.24. For any two cochains Lp e C^j{U) and ip e C\,j{U), we have on the 
quotient C^'"'{U,M) 

[£<p,£^] = £{y^^}, (4.26) 

where the bracket on the right hand side is the Gerstenhaber bracket (IJ.iOb . Furthermore, 
we have 

[b, C^] + Cs^ = 0. (4.27) 

Proof. The proof relies on Eqs. (14.13b . (14.19b . and (14.15b : assume that 1 ^ g ^ p and 
p + q ^ n + 1, as the proof for zero cochains and the case q = 0,p = n + l can be carried 
out by similar, but easier computations. Recall that throughout we consider the operators 
induced on C^^''{U, M) and hence may identify T and id. 

Using (14.20b . we explicitly compute the expressions for C^C^ and L^L^. The under- 
braced terms will afterwards be computed and compared one by one. One has 

"-|p|-kl n-kl _| I 

!=1 i=\ 



1=1 j=i 

^. -" 

(2) 

i=i j=i 

V 

(3) 
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along with 



3=1 i=l 

\ ^ 

(5) 

q "-|p| II I 

+ J S (_i)er'"'"+«r-'""'+it"-i«i-i^iD;t"-i''i+^--'D;f+'' 
j=i i=i 

\ / 

(6) 

"-kl-|p| p 

(7) 
(8) 

Furthennore, it follows from (14. 7) and (14. 16) that, for i = 1, . . . , p, we have the identities 

D;„^,^ = D;d;- = D;t"-l^l-'=D;,t'=+^ where k = n - \p\ - \q\, . . . ,n - \q\. 
Hence 

n-|p|-|q| n-|ij| 

£ _ ^ (_-^\\p\\l\ ■y ■y /J^-jSr +kl|fc-1+|p + 9ll,.1-|p|-k|-i[-)' Qfcth^i+lp + ql 

i— 1 fc — n— |p| — |q 

p + ql n-kl n I + 

_|_ /-j^yplkl y y (—1)^7 ''+\l\\k-n+\p + q\\^n-\p\-\q\QlQkth^i+\p+q\ 

^— 1 fc — ji— |p| — |g| 

i-|p|-kl »i-kl 

^ y y ri\ei'''+e"-'' + \q\(\k\-n)^n-\p\-\q\-iQl ^n-|q|-feQ/ ^fc + 9 + j+|p + 9| 

i— 1 fc — n— |p| — |q 

\p + q\ n,-\q\ 

_|_ y y Z^)?" +kl{l*:|-n),."-|p|-klQ' ,."-k|-ft[)' .|.fe + 9 + i 

i— 1 fc — n— |p| — |q 

"-|p|-kl |p|+« 

^ y y ri\ei-'' + ei-'' + \q\(l + i + \p\)^n-\p\-\q\-iQl ^\p\+i-l^n-\q\ + lQl ^l + q 



1—1 i — i 



(9) 

P + ij| n + 1 I I 

+ 2 S (-!)«"•' '+«r"t"-W-klD;t"-l'lD;t'+\ 

1=1 l = n— |p| + l 
' ' 

(10) 

where we substituted I := k — n + \p\ + \q\ + iin the first summand of the last equation, 
I := fc + g in the second summand, and used the fact that we descend to the quotient 
C'^^iU, M). Now it is easy to see that 

"-bl-kl \p\+i 

I — 1 l — i 
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Likewise, 

"^kl— IpI kl+i 
-(-l)l''ll'l£^.^ = £ S (-l)''?"+''""+^Df D^:" 

(11) 

\q+p\ n+1 



y y (•„]^')C"''''+'''+er'''+ipii9i+it"-ki-ipiD' t"-iiiD' t'+j\ 



We can now write on the quotient Cl^°{U, M) 
»-|p|-kl "--kl _| 

(1)= S 2 (-i)^r'"-+«r'D-Df 

i=l 3=1 

n-p-lgl n-|p|-|<j| i-kl j-p 

3=1 »=3+l J=P+1 »=1 



(13) 




"-|p|-|9l bl + i 


-^''^^^roTD^ 


1=1 i=i 


_, 



(15) 

and 

^"l^l ~ IpI ^~ IpI 
(5)= S E (-l)«r+C-+iDf D- 

3=1 1=1 

n — g— |p|n— |g| — IpI i^~\p\ i — (l 

= 2 1] (-i)'^""+c-+iDfD-+ 2 2(-i)«r+''r-+iDrD^ 

i — l j — i+1 i—q-\-lj—l 



(16) (17) 

i-kl-lpl kl+i 

3=1 l=j 

\ ,.' 

(18) 

We directly see that (9) = (15), along with (11) = (18). Furthermore, by a simple 
observation one sees that 

n-q-\p\ n-|5|-|p| _ 

(13)= J J („i)C-'""'+''3""DfD^'+""- 

n — g— IpI n— IpI _ I 

= I] S (-l)*-ki'''+«?'DfD-=:(19), 

3=1 k=j+q 

where in the second step we substituted k := i + \q\. Reordering the double sums in (19), 

n—q—\p\ n— IpI "— |p| k — q 

i=l k^j+q k=q+l j=l 

andby^^'l I = 0^''', we conclude that (13) = (19) = —(17). Analogously, one proves 
that (14) = (16). 

After a tedious, but straightforward re-ordering of summands one furthermore has 
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p-2 p-\q\-i 

(2) = E E (-i)^'^+'+''"''t""i''i"i''iD;t'D;t'= 

p i — 1 

+ Yj ^(-l)Cf. + l9lKlt"-lpl-l9lD;t*D;t"-l'=l 

i=l fe=o 
n—\q\ i — 2 



E S (-i)^i^i+-+''"''t"-i''i-i«iD;t'D;t"-\ 

i — p+l k — i — p—1 



whereas 



(10) = ^ ^ (-l)«^+''. + l''ll"lt"-l''l-l''lD;t'D;t'=+ ^ (-l)«"'''t"-l''l-l''lD;D;t'= 



i=l fc=0 fc=l 

\p\ i-2 



i=2 fc=0 

From these expressions one obtains after equally tedious but straightforward computations 



(2) - (10) = f] X (-l)«^+''' + l''ll'lt"-lf'l-l9lD'^t'D'^t'= 

1=0 fc = l 

(20) 

^— |g| i— 1 

i—p k—i—p 

(21) 

and one verifies directly that (20) = (4). 

So far all terms in the expressions for C^pC^p and Cips^ cancelled, except 

i=i j=i 

n— |q| i—1 

(21) = E S (_i)«fcf.+l9ll»lt"-lpl-l'JlD;t'D;,t"-l*l. 

i=p k — i—p 

Repeating the same type of arguments that led to (21) analogously cancels all terms in 
-(-l)|p|l«l/:^£^ and -(-l)IPll'?l/:^ov, except 

(7) ^ " J ' ^(_i)«r'+«r-''+it"-i''i-i''i-^D>"+'-i^|+^D;t\ 

n-\p\ i-1 

(22) := XI S (-l)*^+' + '^'"'' + ''''t"-l''l-l*'lD'^t'D'^t"-l'=l. 

i — q k — i — q 

Using (14.16b . ( |4.19t . and (14.131 1. and the relations of a cyclic fc-module we see that 

(3)= g J(-i)''r'"-^+«r't"-i''H^i-'D;t^+v^ts„t^-^ 



"-|p|-|9l 9 



|g|-P , fTi,g 



= S 2(-l)'''"'^'-'^+«.'\^t"-l''l-l%;tl''l+'sot^' 

i=l j = l 

"-|p|-|9l <3 I I 

EV^ i\S"" +5""' 4. 4.»i-|p|-|'lr.' 4. 



i=l J=l 

"-|p|-|9l Q 



2 ^ (_l)Sr"'"-"+«?'t"-|p|-klD;t"-l''l-l%;tl''l+'+^' =: (23). 



i=i j=i 
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Substitution of / := n — \p\ — \i\ and subsequently of k := I — j produces 

(23) = Y ^(_i)e-'+iPi(m+ki)t"-ipi-kiD;t'D'^t"-i'i+^- 

l=q J=l 

n— IpI ; — 1 

Z — g k — l — q 

and this is directly seen to be (22). Likewise, one shows that (7) = (21). 

For Eq. ( 14.27b . simply use (I4.21l i to express b, then apply ( 14.261 1 to the case where 
(fi := fi and finally make use of ( 13.111 ): 

4.8. The Gerstenhaber module H^' {U). By the identities d^el i and ( 14.27b . both opera- 
tors iif, and C^ descend to well defined operators on the Hochschild homology H^^ (U), 
provided that (p is a cocycle. In this case, the following theorem together with Proposi- 
tion |4|24] proves that i and £ turn H^\U) into a module over the Gerstenhaber algebra 
HX^(C/),cf. Def.O(ii): 

Theorem 4.25. IfM is a module -comodule over a left Hopf algebroid U, then for any two 
cocycles Lp e C\j{U), ip e Cl,j{U), the induced maps 

satisfy 

[t^,£<^] = i{-4i^tp}- (4.28) 



Proof Throughout we use relations that we have shown above to hold for operators on 
C7°(f/, M), but as we now consider the induced operators on homology, we will also as- 
sume tacitly that the operators only act on cycles an d that we compute modulo boundaries. 
Assume p + q ^ n + 1 (otherwise both sides in (14.28b are zero). Without restriction we 
may assume that Q < q < p, the case of p = q and that of zero cochains being skipped as 
the proof is similar, but somewhat simpler We now have 

i^c^= Y, (-l)''^■^^t"-w-»D'^t»+p + Y, (-i)'''"'^v,t"-w-»D;,t'+p 

i — 1 i — Ji— |p| — |g| 



+ f;(-i)«r'\^t"-WD;t> 
1=1 

- Y (-l)'""^^t"-W-D'^t»+^ + Y (-l)l^l'l'l + l'=l''^c,^ + X (-l)«""^^^^s-it^-\ 



1=1 

n— |p + q| q p 



s=l 



(1) (2) (3) 

using ( 13.7b and (14.15b for the second term and (14. 19b for the third term. Observe that 
already 

On the other hand, we see that 

n-q-\p\ p - I II 

-(-l)9|p|£^t^ = Y (-lf"'''+h"-''-M-^D'^t'+PL^ + Y (-1)^^ "' ' " t"-9-|plD^t^^. 

1=1 i=l 



W (5) 

By Equation ( 14.10b . one immediately observes that (1) = —(4), hence we are left to prove 
that 

(3) + (5) = -(-l)l«ll^l6^o^ = -J] (-l)l'?ll*li^o.v, (4.29) 

or, in our former terminology, only the "twisted" parts in the Lie derivative still matter 
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By ( 14.191 ). we see that 

V^ , ,c"^5jql|p| ■ T V^ , ,fTi-g,|g||p| , ^ ^i-g, |g| |p| ^ 

1=1 1=1 ' 



(7) 



and we continue with 



p~i I II 



(6) - Z (-!)«- "^"^'"^'^.s-it'-^doD:, ^ ^ (-l)C--'^"'".,d.s_it-iD:, 
J=l 1=1 

p-1 n — g + 2 

= S Z (-i)C-""^'+i.-»i.,d,s_it^-iD:, 

i=l 3-0 

p-i 'i-kl 

1=1 i-1 



^ (-1)«! '""^'.^t-^D; + X {-l)'"l + M«d;, 



where in the third Hne we used (14.6) together with the fact that 93 is a cocycle, and that we 
ieal here with the induced maps on H^^{U), i.e., hu^ = = L^h. Observe now that 

(9) = (_i)klbl + i,^D; + {-l)"W.^tl''lD; = (-l)kllpl + i.^,^^ + (_l)"l^l.^tWD;. 



Furthermore, 

P-S n-\q\ ,,i-g,|g||p| , I ,| "-k|-|p| jTi|,g,, 

(8)=!] S (-1) "' ''''^=-it'd,D;+ ^ (-l)«lpl +\^s_itJ'-2d,D;, 

i=0 j=l j=l 

(12) (13) 

where by (I4.17l i and (14.12b we have 

(12) = s' £ (-i)^r.r"'''+i^+-i.^s_it»D;d, +5' J (-i)«Hr'"''+i^+''i.^s_it«D;d, 

i = j = (j+l i = j = l 

PZ,^ ^"-i.IiIIpI I l„l 

1=0 

.'|;(-i)^Kr'--.,s_it»D;do+i;(-i)^Kr'-+H. 

i=0 1=0 



(14) (15) 

where in the second line we used that the representatives in H^\U) are cycles. By a 
similar argument we get, still with (14.17) . 

(13)= Ya (-l)^'^''''^''»=s-it''"'d,D; + (_i)l"b,^s_itP-2ditD;t" 

j = 2 

9 fl"l,|j| 

+ I] (-l)^!"! .^s-it^-^D^d,. 
i=i 

= (-l)l"|Pt^s_itP-2ditD;t" + 2] {-1)^1^1' '^s_itP-2D;,d, 
' j=".-|p| + i 



(16) 



+ (-i)i"i''+it^s_itp-2D:do. 



/ +71 
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We now see that 

(14) + (18) + (15) + (16) 

P ^n — q.qp P ^n — q.qpi i 

= 2](-i)*i'i +^^s_it'D;^do + ^ (-i)^Hi +i''i.^s_itMitD;,t" 

i = 1 = 

p— 2 p— 2 

8 = i = 

p-2 
= I] (-1)*"'! '''"'+^^s_it'(do -di)tD:^t" =: (19). 

i = 

Let us come back to the other half and compute (3): to this end, consider first 

L^i.cp(m,u^, . . . ,u") 

= (m,n\...,i/;(«"-|P+«l,...,<^(«"-|Pl,...,u") ^u"-P) ►«"-P-9) 

= {m,u\...,e{<f{u"-^P^,...,u") ►D^(m"-Ip+''I,...,«"-p)) ►«"-P-9) 

= (m, ni, . . . , ■^(D^(u"-Ip+''I, . . . , «"-P)u"-|Pl ,...,«")► u"-P-'') 

n-l 



2] (-l)*-"+P (m,u\..., ^(D^ (u^-Ip+'JI , . . . , ■u"-''), . . . , u^u'+l, ...,«")► ■u"-P-«) 

1 — Jl — I p I 

+ (-l)P (m, «l, . . . , <^(D^(m"-Ip+''I, . . . , u"-P), ..., £(«") ► «"-!) ► w"-P-9) , 

which is true since ip is a cocycle; that is, with the help of ( 14.151 1. 



t^v = i](-i)'+%d,tPD:^r-ip|. 



Hence, by ( l4TT2b and ( 1403] ). 

(3)= J(-l)«"".v.^^=-it^"' 



j = l i=0 

p—1 p p 

^ I] |](-i)«?'\^d,s-itipiD:^t"-ipi+^" + ^(-i)C\^d,s-itWD:^, 

j=l i=0 i=0 



where we continue with 

n-|g| 

(21) = (-l)"IPl+it^tlPlD;,+ ^ (-l)l"IP-l''l + ^^s_itP-2dfcD:^ + (-l)l"IWt^dpS_it'P'D;, 

fc — n— |g| — IpI + 1 

and these three terms are precisely, by (14. 12) and (14.111 again, the terms —(11), —(16), 
and —(7), respectively. We furthermore have 

p—i p p~i 

(20)= ^ ^(-i)«r\^d,s_itp-iD;t"-ipi+^ + Yj{-ir^i^+h^tp-^D'^t"-^p^+^, 

j = l i=l j = l 



(22) 

where 



p-i 

(23) = 2] (-ir'''' + ^'-vtP-iD'^t"-W+J' - t^tP-iD;,t"-P^ 

J = 2 



(25) 



(24) 

and we observe that (25) = l^o^^. 
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For better orientation let us state were we are at this point: we are left with the equations 

p-i 
(19) = ;^(-l)«r""+%(d,-d,+i)s_it^D;t", (4.30) 

j=l 

(22) = 2 |^(-l)«"",^d,s_itP-iD;t"-lp|+^ (4.31) 

p-i 

(24) = 2(-l)"'''^'vt^"'%t""IPl+^ (4.32) 

and we are also missing the terms, cf. (I4.29K 



i=2 



q\\i\, , 



The proof proce e ds now in recursive steps, which at each step reproduce formally the 
Equations ( I4.30b - (l4.32b . but with lower degrees, and one of the i^Oi-^i- We only give the 
next step: start with 

P^2 p . P n i 

j — l i — l i — 1 



where 



p-2 ii-kl „ i 

j^l i^n— |q| — |p| + l 



D-3 



- 2] (-1)^^' ' t^s_itP-2d,tD;,t"-|pl+J' + (-l)l"IIPlt^s_itP-2ditD;^t"-i. 

j=l ~ 



(30) 



(29) 



Then 

(28)= 2] X(-i)^'"'+^''^^-it''"'D:^t'di 

J — Tl — p + 2 i — 

(31a) 
n — 2 j — n + p — 2 , ., 

+ 1] E (-1)*-+^ ^^s-if'-'D^^t^d^^, 

J— n— p+2 i— 

(31b) 

+ (-l)l"ll''l.^s_it''-^D'^t"-^(do - di) . 

(32) 

Since the representatives of the elements we consider are in ker b, we conclude 

(31a) + (316) = 2] S (-lfy+p\i^s^itP-^D'^t"-M+Jdi 

j = l i = p—j 

p-3 ii-|p| ^^ |.^p| 

= 1] S (-1)*^' i^s_itJ'-2D;^d,t"-W + i+^' =: (33). 
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Now, again by (14.17b . we have 

p-3 n-|q|-|p| „,|i + p + 5| 

(33) + (29) =2] S (-1)' .^s_itP-2d,D'^t"-''+2+i 

j = l i;=p 

+ S (-l)"^'^,=d„_,+2S_itP-2D;t"-''+2+i 



(34) (35) 

p-3 



where in the third equation we used one more time bc^p = = c^pb, which holds in our 
situation. One furthermore has 

p-2 

(35) = Y, (-l)"^+''vt''"^D;,t"-''+i+J' + {-l)H^tP-'^D'^t'^-P+^, 
j=3 ' 



(38) 



and we see that (38) = — (— l)'''t(po2i/j> that is, the second summand in ( 14.29b . Moreover, 

p-2 p— 2 

(27) + (19) = ^ (-l)«r"''"'+P,^(d, -d,+i)s_it"D'^t" + Y, (-l)"''+l'^v'd«s-itJ'-iD;,t", 



(39) 

where 

n — q 



(40)= Y i-lf" .^s_itP-2d,D'^t» = Y (-l)l"IIPl+V^s_it''-2D;,t"-id,. 

i — n—\q\ — \p\+l i — n — p + 3 



Furthermore, we obtain 

(41) + (32)= J (-l)«i'"''\^s-it''-2D;t"-id, 

q n—\p\ 

= £|(_l)|n||p|+V^S_ltP-2D;,d,t"+ 2] (-l)l"ll''l + 'i^S_lt''-2D;,d,t" 
i— 1 i—q+1 

"-|9|-|p| 

= (_l)l"llp| + ii^s_itP-2ditD;^t"-i + Y, (-l)'""''' + '''+'''-¥.S-it''"^d,D;,t", 



(43) 

where for the first term in the last line we used (14.17) . By bi^p = = i,^b again, one has 

n-\q\ 

(43) = Y (-l)'""'''+'+^+'''.^d,s_itJ'-2D'^t" 

p-1 

= E (-l)"''''+'+'''.^d,s_itP-2D'^t" + (-l)"IPl+''vt''"^D;,t'^ + (-l)"PL^tP-^D'^t". 

i — 1 '^ V ^ "^ V ^ 

^^ V ' (45) (46) 
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Finally, we see that (42) = -(30), that (36) + (46) = -(24), and that 

p— 1 p— 1 

(34) + (44) = XI E (-l)"^+'+''^^d,s_it''-2D'^t"-|Pl+^' =: (47), 
j=2 i = l 

as well as 

p-i 

(37) + (45) = X (-l)"J+''t^tP-2D;,t"-|Pl+J' =: (48). 

We are now left with the three terms 

P-2 

(39) = Y^{-l)^"'"'"+Pc^{d,-d,+,)s^,t%e, (4.33) 

(47) = 2 2(-l)«ui'"+'t^d,s_itP-2Dj^^n-b|+,^ (434) 

p-1 

(48) = 2(-l)"^+9t^tP-2D'^t"-lpl+^ (4.35) 

3 = 3 

and these correspond (with alternating signs) to the Eqs. (I4.30l l-( l4.32l i. but with one sum- 
mand less and p lowered by one, respectively. Also, we obtained i^o2xp, see (38), on the 
way. Repeating the same steps as above another p — 3 times yields the missing terms 

p— 1 p^i 

- I](-i)'^"''w^ = - ;s (-1)1^11^1 vt^-^D'^t"-H+\ 

i=3 i — 3 

in ( 14.291 ), and cancels the rest. Observe that in (14.34) and (14.351 ) the factor (—1)'' appears 
in contrast to (14.31b and (14.321 ). but in correspondence to the sign rule in ( 14.291 ). D 

5. The Batalin-Vilkovisky module 

This section contains the both conceptually and computationally most involved aspect 
of our paper, which is a Hopf algebroid generalisation of the Cartan-Rinehart homotopy 
formula. This is a relation on the (co)chain level which implies on (co)homology the 
Batalin-Vilkovisky relation that expresses C^ as the graded commutator of B and L^p. In 
other words, establishing this formula will complete the proof that Hlj{U) and H^{U) 
form a differential calculus. 

5.1. The operators S^. We begin by defining the generalisation of the operator denoted 
by S in the work Nest, Tsygan and Tamarkin 0NTs3IITsllTaTslllTaTs2L by B in Getzler's 
work llGetl . and by / in Rinehart's paper [EH. This operator may be considered as a 
generaUsation of the cap product for the cyclic bicomplex. Throughout this section, U 
is assumed to be a left Hopf algebroid and M is a module-comodule (not necessarily an 
SaYD module). 

Definition 5.1. Given ip e Cp{U, A), we define 

S^ : CniU,M) ^ Cn-p+2{U,M) 

for p sg n by 

n-p j 

where the sign is given by 

r?"f := nj + \p\i. 



For p > n,we put 

Remark 5.2. Observe that the extra degeneracy (12.18) is given here as s_i = t s„_|p| . 



S^ :=0. 
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In general, inserting the explicit formula for t, D' and s_ i results in truly unpleasant ex- 
pressions. However, in case M is an SaYD module and hence C.{U, M) a cyclic module, 
these can be at least somewhat simplified: 

Proposition 5.3. If M is an SaYD module over a left Hopf algebroid U, then S^, for 
(f 6 C^iU, A), p ^ n, assumes the following form: 

n—p n—\p\ 

s^{m,x) = Y, E (-ir(^+ip|)+i^i(^+^+iH"^(o)4(2)---<(2), <+',•••, 

i=0 j=i+l 

D^{U%, . . . , U^+), . . . , U" , m" • • • '«Lto(_i), U+(i), . . . , M + (i)). 

Proof Direct computation. D 



Example 5.4. For n = I, p = 1, the above means: 

S^{m,u) = (to(o),^(w+(i)) i>w+(2),w_m(_i)), 
while it becomes for n = 2,p = 1: 

S^{m,u,v) = (m(o),(/3(u+(i)) i> m+(2), u+, U-M_m(_i)) 

+ (TO(0),'"+,¥'(w+(1)) >W+(2),W-M-™(-1)) 

+ (m(o)M+(2),'^(w+(i)) >w+(2),w-u_m(_i),u+(i)). 
For n = 3 and p = 2, we get 

S^{m,U,V,w) = -(TO(o),(y3(u+(i), «+(!)) I> U+(2) W+(2) , W+ , W- W_M_m(_i) ) 
+ ("^(0),-"+, ¥'("+(!), W+(l)) >U+(2)W+(2),W_W_U_m(_i)) 
+ (™(0)W+(2),¥'(W+(1),W+(1)) >W+(2)W+(2),''«-«-'"-™(-l), ■"+(!))• 

5.2. The relation [B, 5;^] = 0. Our first result is that S^ commutes with B. As this sim- 
plifies the formula for B, we will from now on be working on the reduced chain complex 
C.{U,M) resp. C°^''{U,M), which dually requires passing also to the reduced cochain 
complex: 

Definition 5.5. We denote by C' {U, A) respectively C]^^ [U] the intersection of the kernels 
of the codegeneracies in the cosimplicial fc-modules C'{U, A) respectively Cl^{U). 

Proposition 5.6. For any ip e C^{U, A) the identity 

[B,S^]=0 (5.1) 

holds on the reduced chain complex C. {U, M). 

Proof. Explicitly, the graded commutator reads on the reduced complex 

[B, S^] = t s„_p+2 N S^ - {-If-^ S^ t s„ N. 

If p > n + 1, the entire expression is already zero. Hence assume that p ^ n + 1 and first 
consider the second summand: it suffices to show that the image of 5;^ t s„ on elements of 
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degree n is degenerate, and this can be seen as follows: 

n~p+l j 

S^ts„= Y, £(-l)"-ts„_p+2t"-P^'+iD;t"+*-^+2^s„ 

n— p+1 j 

n— p+1 J 
_ X"* X"* (' 1\»)?f+c 4-n-p-i + l n' c 4.n + i-j + 2 

j=0 1=0 
n— p+1 J 

— V V(' — iV'i'ftt; ot"^P^*+lt; , , n' t" + *^-'' + 2 

— 2-i Zj^ -Lj ^'^ tS„_p+2t S„_Q_j)_p+2 L^i^ L 

j=0 1 = 
n—p+1 j 

j^O i-o 

71 — p+1 j 

= 2 1] (-i)<'''t s„_p+2 1"-^--'" So t^-' d; t"+*-^"+2^ 

j=0 j-0 

using the simplicial and cyclic relations as well as (14.131 1 in the third line, along with the 
fact that j — i = 0, . . . ,n — p + 1. Now we distinguish the following cases; we have on 

C'7<^(f/,M) 

' tS„_p+2t""P+^So = tSn-p+2S„-p+3t""*'+^ if j = U - p + 1, 

ts„_p+2So if j = n~p, 

ts„_p+2tso if j = n- p~ 1, 

, ts„_p+2S„-p-jt""''"^ if j s£ n - p - 2, 



tS„-p+2t" ^ ^so = ■ 



and a quick computation reveals that in all these cases one produces degenerate elements. 

That the first summand ts„_p+2NSy is also degenerate follows by a similar argument, 

and this finishes the proof. D 

5.3. The Cartan-Rinehart homotopy formula. We are now in a position to state: 

Theorem 5.7. If M is a module-comodule over a left Hopf algebroid U, then for any 
cochain Lp e C'j^.j{U) the homotopy formula 

£y = [B + b, Sy + iip\ — bsip — Ssip (5.2) 

holds on Ct{U,M). 

Remark 5.8. Observe that using ( 15.1b and (I4.3l i. this can be rewritten as 

£^ = [B,/,^] + [b,SJ-S5^. (5.3) 

Remark 5.9. Apart from the obvious classical Cartan homotopy |C|, this formula has 
been given in the context of associative algebras, i.e., in the classical cyclic homology 
of algebras, in IRH for the commutative case, in IINTs3l IGetl for the noncommutative 
situation, and in more restricted settings such as for 1-cocycles in IIGol ICol 1X21 . 

Proof of Theorem \5. 71 We stress that throughout we work on C^^''{U, M). Rewrite first 

[B, v] + [b, S^] - Ss^ = Bi^ - {-l)Pi^B + bS^ - (-If -^s^b - S^^ 
= Bi^ + (-l)IPlt^B + bS^ + (-l)IPlS^b - Sav 
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Observe then that the statement in the cases p > n + 1 and p = n+l follows by definition. 
For p < n + 1, let us write down (14.20b : 



n— IpI p 

1=1 i=l 



and also write with ( 14.11b and ( 14.19b on ^^"(C/, M) 



n 

(-1)1^1^6 = 2(-i)lpl+"fet"-l^lD'^t'''+i 

n 



fc=l 



A lengthy computation using the simpUcial and cyclic relations yields 



n-|p| fe-1 n-|p| ^ jj 

+ H H H (-l)''l/l.HI+'''Vit"-P-'dfeD;t"+^-|j'l 

fe^2 i— 1 j— i 



n—p n—p j 

fc = l J — fc i — fc 

(7) 
n—p n—p—l j 

+ ^ (-l)"i'-f^+""''t"-l''lD'^t"-l-'l + |] |^(_i)"l/l,|.|+"-Pt"-P-'D'^t"+'-l-''l 

j = j = i=0 



n — p—l j n—\p\ ^^ 

j=0 i = i = l 

s^ ^^ / -^ V ^ 

(10) (11) 

^^P J — 1 Ti Ipl n — p ^ I 

j = l i = i = 



(12) (13) 

+ (6) + (7) + (8) + (9). 

Observe that by (-1)''"^'m'I+""'' = (-1)<'^+^ one has (9) = -(10). Likewise, by 
(— l)''"-p|»i = (—1)^' , we see that (11) = (1). By substitution k := n — p — i, one 
obtains (-1)'=("-p) = (-l)''ui!f'i, and hence (13) = -(3). Finally, (2) = (4) + (5) + (8) 
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by substitution of i := n — \j\m (8). We continue computing 

n-|p| fe-1 n-p ^^ I 

(6)= 2 2 2(-l)Vi,Hl+*+is_it"-^-MfcD>"+'-l^l 

k = 2 i=l j^i 

n-bl fe-1 ^ II 

fe = 2 i=l 

fc^2 1—1 J— i 

^ V ' 

(14) 

n—p fc— 1 I . 

+ S 2(-l)''"""''"^'^'^-it""'"'dfeD>^+' 



2 2(-l)''l/uHl+"+^s_it"-''-M„_|,|D;t"+'-l^l 

i = l i=l 

^. ^ 

(16) 
n—p I I 

2(-l)''M|.|+"+''s_it"-^-'d„_|^|D;t''+\ 

i=l 



With (14.12b one sees 

A:=p+1 i = l 

and we also simplify 

"-p-^ 1 n,ipi "-P „,|p| 

j = l ! = 1 8=1 



(19) 

Furthermore, 

n — p n — p J 



fe — 2 J — fc i — fc 



"-P J „.|p| 

j = l i=l 



On the other hand, we have 

n—p . . 

(-i)i^is^b = Y, (-i)''i"-"i^"+''''s-it""^"'D;d„ 



n— 1 n—p j 



E S E(-i)'''^''''"^'''^'"'^'''^-i^""'"'D;,dfe.t"+'-i^i 

fe=0 j = l 1=1 



(24) 
n-p-1 n-1 |„|_p 



2 S (-l)''i"-M'l+'-'''s-it"-^-'D;dfet'' 

i— 1 fc^p+i 
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and we directly observe that (23) = —(20) and (25) = —(18), whereas 



fc = l i = l i = l 



(24) =2 J] 2(-l)Vl.. +'=+Vit"-^-^D;d,t" 



n— 1 n—p j 



fc — p + l i— 1 i— 1 



(27) 



2 2(-l)''l/i' +^s_it"-^-'D;dot"+'- 



where by the cycHc relations 

n— p— 1 J ,^ II n — p I 

(28)= |] |](-l)"lJl.' +'s_it"-P-'D'^d„t"+'-^+ ^ (-l)"?.'-" +is_it"-J'-'D;d„tf+'. 

j = l 1=1 i=l 

•^ y ' ' V ' 

(29) (30) 

By means of (14.12b . one now sees that (14) + (21) = -(27) and that (29) = -(19), along 
with (30) = -(17). 

To conclude the proof, we need to show that Ss^p equals the only remaining terms (12), 
(22), and (26). Note first that from fiTel l. (14.12) , (14.11b , as well as from the cyclic and 
simpUcial relations follows for the {p + l)-cochain 5(p: 

D's^ = Us^s-it" = tbi^s_it" + (-l)IJ'lu^bs_it" 

n-|p| + l n + 1 

= X! (-l)l'=ltdodfcD'^s_it"+ 2](-l)'''+l^'tdoD;dfcS_it" 

fc=l fc=0 

= tdodiD'^s_it" + J (-l)'=+IJ'ltdoD'^dfcS_it" 

fc = 

= tdovs-it" + (-l)l''ltdoD;t" + j] (-l)'=+l''lu^s_idfe_it" 

fc=l 

= t"-J'+idiD; + (-l)IPltdoD;t" + ^ (-l)'=+IPlt"-P+iD'^dfe. 

fe=i 

Hence we have for the {p + l)-cochain 6(p: 

n—{p+l) j I 

s*^= S X(-i)''^'*''^-it""''"*'^''diD;t"+-i^i 

j=0 i=0 
p n-(p+l) j ^ I , 

+ i] S £;(-i)".;> +'=+i''is_it"-p-("+i)D;dfct"+"-i>i 

fc=l j=0 i=0 

+ S I] (-!)"-• +l''ls_it"-P-MoD'^t"+'-^' 

j=0 i=0 

j = l i=l 

P "-P 3 „ Ipl , , , 

+ S S |](-l)''l^M'l+'=+l''ls_it"-J'-'D;dfet"+'-|^l 
fc=i j=l 1=1 

"-(P+l) i n,|p|,, 

j=0 i=0 

and these summands are exactly the terms (22), (26), and (12), which concludes the proof 
of (O and hence of (O. D 
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With the help of the homotopy formula, we can easily prove: 
Corollary 5.10. For any cochain ip e C\j [U), we have on Cl^" {U,M) 

[/:^,B]=0. (5.4) 

Proof. Using (15.3b . (14.31 1. and ( 12.191 ). we see by the graded Jacobi identity that 
[C^, B] = [[B, 6^], B] + [[b, S^], B] - [S^^, B] 

= [B, [t^, B]] - (-ir[v, [B, B]] + [b, [S^, B]] - {-ly-^S^, [b, B]] 

= 0, 
where the fact that [B, [t;p, B]] = directly follows from the graded Jacobi identity. D 



Remark 5.11. With some more effort, it can be shown that (15. 4t even holds on the non- 
reduced complex, but we do not need this. 

5.4. Proof of Theorem 1 1.51 If (^ e Cl,j {U) is a cocycle, then for the induced maps 

the Rinehart homotopy formula (15.2b simplifies to 

Using this and (14.5b one has 

Corollary 5.12. For cocycles ip,ip e Cl,j{U), the induced maps on H^ (U) obey 

Proof. This is now only one line: 

We now sum up the results of Theorems 14. 241 14. 251 and 15. 7] and state the main theorem 
(cf. Theorem ll.5b of this paper: 



Theorem 5.13. If U is a left Hopf algebroid over A, and M is a module-comodule, then 
L given in (14.31 ) and the Lie derivative C given in i4.20i turn H^^{U) into a Batalin- 
Vilkovisky module over the Gerstenhaber algebra H'j^,j{U) defined by Theorem \3.16\ 



Remark 5.14. A natural question is to what extent and in which sense the above struc- 
tures lift to the (co)chain level. For the Gerstenhaber algebra structure on Hochschild co- 
homology this is the content of Deligne's conjecture, which asserts that the Hochschild 
cochain complex C*(A°,yl) is an algebra over an operad (in the category of cochain 
complexes of fc-modules) that is quasi-isomorphic to the chain little discs operad (see 
e.g. IIDwHel iGeWl iKSTl IMcCSml VM or El §13.3.19]). Kontsevich and Soibelman 
have extended the scope of Deligne's conjecture to the full differential calculus structure 
on Hochschild (co)homology IIKS2i Theorem 11.3.1]. As the referee of the present paper 
remarked, one should expect our (co)chain complexes to be in general algebras over the 
coloured operad constructed therein, or over a quasi-isomorphic one. 

6. LlE-RlNEHART ALGEBRAS AND JET SPACES 

This section contains a brief sketch of how to generalise the above results to complete 
left Hopf algebroids (the Hopf algebroid generalisation of complete Hopf algebras, see 
e.g. IQI), and how this allows one to obtain the well-known calculus for Lie-Rinehart 
algebras (Lie algebroids) given by the Lie derivative, insertion operator, and the de Rham 
differential (cf. the original reference [Ri | and also, for example, IHue 1 1 iGrUrl IHue2l IKosI 
IXll ). and in particular the classical Cartan calculus from differential geometry that arises 
as the special case of the tangent Lie algebroid (see llCl). 



(6.1) 
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In %.ll we introduce the jet space JL of a Lie-Rinehart algebra ( OKoPL see also 
BCaRoVdBII ). and explain its complete Hopf algebroid structure. Then we sketch in i ]6.2l 
how to adapt the constructions of this paper to this setting. Finally, in the last two sec- 
tions we recall the definition of the generalised Hochschild-Kostant-Rosenberg morphisms 
and use them to relate the differential calculus of Theorem II. 5 1 to the standard one on the 
exterior algebras of L respectively L* that gives rise to Lie-Rinehart cohomology. 

6.1. Universal enveloping algebras and jet spaces. Let {A, L) be a Lie-Rinehart algebra 
over a commutative fc-algebra A with anchor map L -^ Deik{A),X ^^ {a ^^ X{a)}, and 
VL be its universal enveloping algebra (see [Ril for details). This is naturally a left Hopf 
algebroid, see e.g. |KoKrl|; as therein, we denote by the same symbols elements a e A 
and X e L and the corresponding generators in VL. The source and target maps s = t are 
equal to the canonical injection A -^ VL. The coproduct and the counit are given by 

A{X) := X<S)^l + l<S)^X, e{X) := 0, 

A(a) := a®^l, e(a) := a, 

whereas the inverse of the Hopf-Galois map is 

X+ <S)a°p X^ := X (x)^op 1 — 1 (g)^op X, a+ (x)^op a^ := a <S)a°p 1, (6.2) 

where we retain the notation (xj^op for the tensor product ^VL (x)^op VL^ although A is 
commutative. By universality, these maps can be extended to VL. 

Definition 6.1. The A-hnear dual JL := Hom^(l/L, A) is called the jet space of {A, L). 

By duality, JL carries a commutative yl'^-algebra structure with product 

(/5)(w) = /(w(i))5(u(2)), f,ge JL, ue VL, (6.3) 

unit given by the counit e of VL, and source and target maps given by 

s{a){u) := ae{u) = e{au), t{a){u) := e{ua), aeA,ueVL. (6.4) 

Observe that these do not coincide although A is commutative. 

The A'^-algebra JL is complete with respect to the (topology defined by the) decreasing 
filtration whose degree p part consists of those functionals that vanish on the A-linear span 
{VL)<^p c VL of all monomials in up to p elements of L. For finitely generated projective 
L, Rinehart's generalised PBW theorem |Ri| identifies JL with the completed symmetric 
algebra of the A-module L* = Horn 4 (L, A). 

Example 6.2. The simplest example beyond Lie algebras is A = k[x],L = Deik{A), in 
which case L is generated as an yl-module hy p := -^. Then VL is isomorphic to the first 
Weyl algebra. In particular, there is an A-algebra isomorphism JL ~ Afh^^ under which 
h^ corresponds to the v4-linear functional on A[p] that maps p^ to Sij e A. Here JL is 
considered as A-algebra via the source map s which becomes under the isomorphism the 
standard unit map of Afh^. However, the target map t maps a polynomial a e A to the 
power series given by its jet 

, , da , (Pa , n 

t(a) = a+ -—h + -r^h^ H . 

ax ax'' 

The filtration of JL induces one of JL (S)a JL and if we denote by JL®aJL the com- 
pletion, then the product of VL yields a coproduct A : JL ^ JL®^ JL determined by 

f{uv) =: A(/)(u(x)^op v) = /(i)(u/(2)(«)), (6.5) 

see Lemma 3.16 in IKoPI §3.4]. This is part of a complete Hopf algebroid structure on JL. 
We refer to | Q Appendix A] for complete Hopf algebras, the Hopf algebroid generalisation 
is straightforward. The counit of JL is given by / i-^^ /(I vx), and the antipode is 

{SJ){u):=e[u+f{u^)), ueVL,feJL, (6.6) 
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which for u e L '^ VL is known under the name Grothendieck connection. A short 
computation gives S^ = id. The translation map (12.3b is 

/+®A°p/- := /(i)®^=p5(/(2)). (6.7) 

Note that JL is not only a left but a/M/Z complete Hopf algebroid in the sense of Bohm 
and Szlachanyi |B|. Over noncommutative base algebras this would generally require two 
bialgebroid structures that coincide here. In particular, JL is also a commutative Hopf 
algebroid in the narrower sense studied already for decades OHovl iRal . 

6.2. C'{JL,A) and C,{JL,A). For complete Hopf algebroids such as JL, the theory 
developed in this paper needs to be modified as follows, in order for the structure maps 
(e.g. the cyclic operator t) to be well-defined: in P. and in the chain complex C.{JL, M), 
the completed tensor products have to be used. Similarly, in the definition of a module- 
comodule and of an SaYD module the coaction might be given by maps M -^ JL0aM. 

Dually, C'{JL, A) has to be defined as Hom5i™*( Ji®-^""*, , A), where cent means that 
the cochains have to be continuous (A being discrete), as only the operators assigned to 
these cochains will be well-defined on the completed tensor products. 

Unlike for general left Hopf algebroids, we have for JL canonical homology coeffi- 
cients: using that JL is commutative, one easily verifies that A carries a natural structure 
of an SaYD module over JL whose action and coaction are given by 

A®JL -^ A, {a J) ^ ae{f), 

A ^ JLiS)aA, a ^ s{a)(g)AlA, 

where s is the source map from (I6.4l i. Hence Theorem [T3] yields a canonical differential 
calculus {H'{JL, A), H.{JL, A)) associated to any Lie-Rinehart algebra {A,L) that we 
want to discuss in more detail as an illustration of the abstract theory. 

6.3. Lie-Rinehart (co)liomology. In orderto do so, recall that the space Hom^(^*^L, A) 
of alternating A-multilinear forms is a cochain complex of fc-modules with respect to 

d : Uonu{AlL,A) ^ Hom^(Ar'^'^) 
given by (where the terms X* are omitted) 

n 

dLu{X", . . . ,X") := ^i-iyX^{u;iX^, ...,X\.. . ,X")) 

»=o (6.9) 

+ Y,i-iy+^^i[X\X^lX^,...,X\...,X^,...,X"). 

In case {A, L) arises from a Lie algebroid E, the above is the complex of _E-differential 
forms (see, for example, [CanWe |), and in case E is the tangent bundle of a smooth mani- 
fold, these are the conventional differential forms that appear in differential geometry. 

Definition 6.3. iJ*(Hom^(A^i, A), d) is called the Lie-Rinehart cohomology of L. 



From OKoPI Theorem 3.21] we gather that there is a morphism of chain complexes 

F : {C.{JL,A),b) ^ (Hom^(Ali,A),0) (6.10) 

given in degree n by 

F{f\ ..., mx' A . • ■ A X") := i-ir{sf A • . • A sr)ix\ . . . ,x"). 

Here Sf^ a ■ • ■ a S*/" is the wedge product of alternating multilinear forms. As C. {JL, A) 
is defined via completed tensor products, we have 

Cn{JL,A) ^ InnHom^ ((VX®-^")^p, A), (6.11) 
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where (VX®-*")^p is the degree p part of the filtration induced by that of VL. The an- 
tipodes appear above as this isomorphism (16. lit is given by 

{f\...,niu\..., U-) := Sf\u') ■ ■ ■ Sriu-). (6.12) 

That F is well-defined on the reduced complex C. {JL, A) follows since degenerate chains 
vanish under F as ( 12.111 1 gives for X e L 

eiX+l,„{X^)) = s{X+eiX^)) = e^X) = 0. (6.13) 

When L is finitely generated projective over A, the wedge product of multilinear forms 
provides an isomorphism 

Ali*-Hom,(A;L,A) 



that we suppress in the sequel. Furthermore, the pairing (16.12b yields an isomorphism 
(cf. OCaRoVdB! Eq. (4.10)]) 

C"(Ji,A) - VX®-*". (6.14) 

Finally, if we denote by pr : VL -^ L the projection on L resulting from Rinehart's PBW 
theorem, we have: 

Proposition 6.4. Assume that L is finitely generated projective over A and define 

F'{a^ A •■■ Aa") := ^ (-l)''(pr ^a'"'^' , • • ■ , pr *a'"("^) 

creS„ 

for a^ , . . . , a" 6 L*. Then we have 

Fi^' = 7i!id^.^*. 
In particular, ifQ^k, then the morphism F has a right inverse. 
Proof. This follows by straightforward computation, using that (16.21 ) yields 

S'(pr*a) = -pr*a (6.15) 

for every 1-form a e L*. D 

Dual to ( 16.101 ). one has a morphism 

F*:(Ali,0)^(C-(JL,A),5) (6.16) 

of cochain complexes explicitly given as 

xi A • • • A X" ^ {(/I, . . . , /") ^ (-1)" 2 {-iY{Sf'){x''^'^) ■ ■ ■ (5/")(x-("))}. 

6.4. Tlie calculus structure for Lie-Rinehart algebras. Our main aim is to use now 

F,F*, and F' to compare the calculus structure on (^H'{JL,A),H.{JL,A)) result- 
ing from (the topological version of) Theorem 11.51 with the well-known calculus on 
( AI^jAI^*) given by the exterior differential, the insertion operator, the Lie de- 
rivative for differential forms, along with the classical Cartan homotopy formula (see 
IIRH IHuefl IHue2L or |CanWe KosllXll for the case of Lie algebroids and in particular 
the original reference |C| for the tangent bundle of a smooth manifold). First, recall that 
these operators, besides d from ( 16. 9t , are given by 



£^(y\...,[x,n,...,y"), 



4=1 



where r\...,y" e L. 
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Let us then consider the Gerstenhaber bracket on C'{JL,A) ^ VX®^*. Now, VL®^" 
carries a canonical comp algebra structure given by 

[u^ ®A ■ • • ®A uP) of "= (i;l (x)^ • • ■ ®^ w«) 

1 _i ■ 1 ■ -^1 (6-17) 

:= {u^ Oa • • ■ ®^ m' ®a U(i)1' ®a • • • ®a U(5)W'' <S)a u ®a • ■ • ®a w^, 

for i = 1, . . . ,p, and where A'^(u) = U(i) (x)^ ■ • ■ (x)^ uj-^-j is the iterated coproduct (where 
A° := e and A^ := id). This is a slight generalisation to bialgebroids from a statement in 
BGeSchl p. 65], and the expression is well defined with (I2.2l i. 

In the first part of the following proposition we state that (16.17b corresponds to our gen- 
eral expression (13.7b of the Gerstenhaber products by means of the isomorphism (16.14b . and 
in particular that the resulting Gerstenhaber bracket corresponds to the classical Schouten- 
Nijenhuis bracket on the exterior algebra /\\L. In the second part, we show how the 
relevant operators from the two mentioned calculi are connected to each other; for the sake 
of simplicity we restrict to the case where one acts with an element X e L = /\j^L: 

Proposition 6.5. If L is finitely generated projective over A, then for 1 ^ i ^ p one has 

{u^ <S)A---®A uP) o, (v^ ®A • • • ®A v"^) = (u^ (X)^ • ■ • (x)^ uP) of" («! (x)^ • • ■ ®A f'), 

where the left hand side is the Gerstenhaber product from (13.7b . In particular, if 'Q^k, 
then the Gerstenhaber bracket from ( 13.701 ) corresponds to the classical Schouten-Nijenhuis 
bracket by means of the map -^F* from (I6.i6b . 

Furthermore, for the operations A, \x, and Lx of differential, insertion, and Lie deriv- 
ative of (generalised) forms along a (generalised) vector field X e L, one has on /\j^L* 

(n + l)d = FBF', (6.18) 

{n-\)\x = FiF^xF', (6.19) 

nix = FCf^xF'. (6.20) 

Proof For t he ge n eral Gerstenhaber product (13.7) o ne co mputes with the commutativity 
of JL, (I6.3b - (I6.5I) . (12.4b . and using the isomorphism (16.14b . 

((«' ®A ■ ■ ■ (8)A uP) Oi (V^^A ■ ■■'SIAV'')) {f\..., r+l9l) 

= K(x)A---®A«'')(/\...,r-\D,ig^...g^,,(/%...,r+i«i),r+«,...,r+H) 

= Sf\u^) ■ ■ ■ Sr-\u^-^){S{s{Sfl,^{v^) ■ ■ ■ 5/(\+l''l(^'))/('2) ■ ■ ■ /S"')) («') 

£H,)+£«/(+)'''(^^))/(2+'''(«^,)-))5r+«(«'+^)---5r+i«i(«'') 

= ((«' ®A---®A U") of- (V^^A ■ ■ ■ ^AV")) (/\ . . . , r+l''!) 

for /* e JL and u^ ,v^ e VL. The fact that the Gerstenhaber bracket resulting from 
( 16.17b corresponds to the (generalised) Schouten-Nijenhuis bracket on fWL by means of 
the (generalised) Hochschild-Kostant-Rosenberg map was already shown in |Ca Theo- 
rem 1.4]. Hence, observing that the map —^F* is the mentioned HKR morphism followed 
by (16.14b . the first claim is proven. 

Concerning the identity ( 16.18b . as stated in ( 16.13b . the degenerate elements of B vanish 
under F, whereas the operator (12.20b assumes the form 

n 
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for an elem e nt (/ ^, . . . , /") e Cn{JL, A), as is quickly revealed by a direct computation 
using ( 16. Sb . (I2.2I 1. and the commutativity of JL. Hence, since S* is an involution and with 
do, U3, ( ICT . and dO-dSS one has 

{FBF'{a^,...,a")){X° a ■ ■ ■ a X") 
= f(^{-1)™ 2] (-l)"((""<*+'>pr) + ,...,(""'"^pr)+, 

1=0 CT6S„ 

(a'"(")pr)_---(a'"(i)pr)_,(a'"(l)pr) + ,...,(a'"(')pr) + ))('xO a ■■■ a X") 
= (n + 1) 2] (-l)'^5((alpr )(!)) (X-(i)) ■ ■ ■ S({a>r )(i)) (X^W) 

■({a>r)(2)...(alpr)(2))(X'^(''') 

CT6S„ 

= (n + l)|] ^{-l)-e(X^(i)(aipr)(X!(l'))---£(X^«Kpr)(X!Wx'^(0))) 
j=l o-eS„ 

■■•e(X^<"){a"pr)(X!<"))) 

n 
i = l creSn 

+ (-1)" XI {-l)''a^{^'''^') ■ ■ ■ (a'pr )(^''^*'^''^°') ' ' ' a"{X''("))l 
o-eSn 

= {n + l)d(a^ a ■■■ Aa"){Xo,...,Jf„), 

where the last line follows from the fact that the vector fields are derivations on A and that 
pr {XY - YX) = pr {[X, Y]) = [X, Y]. 

As for the insertion operator, we compute with (16.15) , (I6.3) -( I6.6| |, and St = s: 

{FLp^x^F'{a\...,a")){X'' a--- a X"-1) 

CTeS„ 

(X^ A ■■■ aX"-'^) 
= {-l)"-l{n-l) X {-l)'"{S{aipr))(X'"(i))---(5(a"-2p;.))(jf^(n-2)-) 
o-eSn 

('s((a"-lpr)t(a"pr(F*X'"(")))))('x'"("-l') 

= (n-1) X (-l)''a^(X''^^')---a""^{X'''""^')s(a"(X'"<"'))(X(''i'""^')(a""^pr)(X['2<""^^) 
o-eS„ 

= {n-l) X (-l)'"aUX'"<^^)---a""^{X'"'""^')a"(X'"^"^) 
o-eS„ 

= (n - l)(ix" (a^ A ■ ■ ■ A a")) {X\ . . . , X"-'), 

hence ( 16.19b is proven. 

In a similar way, one proves (16.20b the details of which we omit since the computation 
is similar to those of the two preceding identities. D 

7. HOCHSCHILD (CO)HOMOLOGY AND TWISTED CALABI-YAU ALGEBRAS 

In this final section we discuss as an example the action of the Hochschild cohomology 
H'{A, A) of an associative algebra A on the Hochschild homology H.{A, M) with co- 
efficients in suitable A-bimodules M. In particular, the differential calculus discussed in 
[NTs3| is generalised towards nontrivial coefficients which are not even SaYD modules, 
and this is used to prove Theorem ll.7l 

7.1. The Hopf algebroid A° and the coefficients A^y. As said in the introduction, all the 
main results of this paper were historically first obtained for the Hochschild cohomology 
H' {A, A) and homology H, (A, A) of an associative fc-algebra A. This arises as the special 
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case in which U is the enveloping algebra A'^ of A, with i] = id^c and coproduct and counit 
given by 

A : [/ ^ [/ (x)^ C/, a (g)fe 6 1-^ (a (x)fe 1) (x)^ (1 ®fc 6), e : U ^ A, a®kb ^ ab. 

One then has 

M ®A°p U^ =U ®k C//spanj.{(a ®k cb) (x)^ (a' ®kb') - (a (g)fc 6) (x)^. (a' (x)^ 6'c)}, 

where c5 and b'c is understood to be the product in A, and one easily verifies that 

(a (g)fe 6)+ (g)^op (a (g)fc 6)_ := (a (x)^. 1) (x)^op {b (x)^ 1) 

yields an inverse of the Galois map as was originally pointed out by Schauenburg. For sim- 
phcity, we shall assume throughout this section that fc is a field which implies in particular 
that U = A° is A-projective (in fact free) with respect to all four actions i>, <i, ►•,•<. 

Like JL in the previous section, U = A'^ is an example of a full Hopf algebroid in the 
sense of Bohm and Szlachanyi whose antipode S{a (g)^ b) := b (S)k a is an involution. We 
use this to identify left and right [/-modules. Obviously, [/-modules can also be identified 
with j4-bimodules with symmetric action of fc, and in the sequel M is such a bimodule that 
will be viewed freely as left or right [/-module as necessary. 

In particular, any algebra endomorphism a : A ^ A defines an A-bimodule Aa- which 
is A as fc- vector space with the A-bimodule respectively right A° -module structure 

b >ra< a = m{a ®)k b) := bx(j{a), a,m e A,b e A°^. 

These bimodules are prototypical examples of the homology coefficients we are interested 
in. They carry a left ^''-comodule structure given by 

A„ ^ A^^^A^, m^^ (TO(x)fc l)(x)^ 1, 

for which the induced left ^-module structure is ^A. However, in general A^ is not a stable 
anti Yetter-Drinfel'd module, see IIKoKr2ll for a discussion of this fact. 

Up to isomorphism, A^ only depends on the class of a in the outer automorphism 
group Out (A) of yl, and a ^^ Aa- yields an embedding of the latter into the Picard group 
of [/-Mod that appears to have been considered in detail for the first time by Frohlich lEl • 
The study of the (co)homology of A with coefficients in these bimodules has many motiva- 
tions. Nest and Tsygan suggested to view the Hochschild cohomology groups H'{A, A^) 
as defining a quantum analogue of the Fukaya category [I NTs3l INTs2l while Kustermans, 
Murphy and Tuset related H.{A^ A^) to Woronowicz's concept of covariant differential 
calculi over compact quantum groups IIKuMuTuJ . Moreover, they arise naturally in the 
description of the Hochschild (co)homology of the crossed product A yi^J., see OGetJII . 

7.2. The Hochschild (co)chain complex. In this situation, the chain complex 

C.{U, M) = M ®A°-p U®^°'^' is isomorphic to the standard Hochschild chain complex 

C.{A,M):=M®kA®'" 
by means of the map 

m ®A°p (oi ®k bi) ®A°p ■ ■ ■ ®A°p {an ®k bn) ^ bn- ■■ bim ®k Oi ®fe • • ■ ®k ««• 
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For M = Aa, the para-cyclic structure on C.{U,Aa) from Proposition 12. SI becomes 
under this isomorphism 

{ an-m ®k ai ®k • ■ ■ ®k an-i ifi = 0, 

di{m®k 2/) = S ™®fc • • • ®fc ari-jflri-j+i ®k ■ ■ ■ if l^isjn - 1, 

[TOcr(ai) (x)fc a2 ®fc • • -(xjfe a„ ifi = n, 

fm^fc ai ®fc • ••®fca„(x)fc 1 ifi = 0, 

^i{m®ky)= \m®k- ■■®kan-i®k 1 ®fe fln-i+i ®fc ■ ■ ■ ifl^i^n - I, 

[to®*: 1®A; ai ®fe • ■ -^fe On if« = n, 

t„(m ®fc y) = cr(ai) ®fc 02 ®fc ■ • ■ ®a; a„ ®fe m, 
where me A and where we abbreviate y := ai ®k ■ ■ ■ ®fe &«■ In particular, one has 

T = (T ®fe • • ■ ®fe 0-, 

so C. (A, Act) is cyclic if and only if cr = id (in which case Aa- is an SaYD module). 
Likewise, there is an isomorphism of cochain complexes of fc-vector spaces 

C-iU,A) ^ C'{A,A) := Homfc(A®'=-, A), ip ^ >f, 

where the latter is the standard Hochschild cochain complex IHoll and (f is defined by 

ip{ai ®A; ■ • • ®fe o„) := (p{{ai ®k 1) ®a°p ■ ■ • ®a°p (fln ®fe 1)) 

so that 

^{{a-i ®fc h) ®^op • • • (x)_4op (a„ ®k bn)) = ^{ai ®k ■ ■ ■ ®fc an)bn ■■ -bi. 

The resulting operators involved in the calculus structure are given by 

n 

B(m®fe y) = 2](^l)'"l®fc "i+i ®fc ■■■(8)fc an®fc m (x)j. o-(ai)®fe ■ ■ ■ ®fc o-(ai)> 

i = 

L^(:miS)k y) = "^Can-lph ■ • ■ ,an)m0k ai ®fc ■ ■ ■ ®fc On-p, 

n— p J 

S.^(m(g)fc?/) = ^ XI (^^)''''* l®fc'^{'*n-|p|-j)®fc ■■■®fc v(o"(an-|p|+i-j)®fc ■■■®fcO"(an + i-j)) 
j = i = 

®fc ■ ■ ■ ®fc o-(an) (x)fc (7(m) (g)fc o-^(ai) ®fc ■ ■ ■ 0^ o-^(a„_p_j) 

n-\p\ 

Cg,{m®ky) ^ Yj (^1)** cr(m)(g)fc ■■■(g)fc i^(o-(a,)®fc ■■ -(gfe o-(a,+|p|)) Ofc ■■■(g)fc o-(a„) 
1=1 

V 

+ 
1=1 

®fcO-(ai) (g)fc ■ ■ ■ (x)fc o-(a„_p+i), 



X{-1)^* "(^("^(in-lpl+i^fc ■ ■ ■ ®fc an ®fc m (x)fc CT(ai)(x)fc ■ ■ ■ ®fe cr(ai_i))j 



Here we again work with the reduced complexes, so (^ e C^^A^A) and (m ®fc y) 
represents a class in C. (A, Act)- For cr = id these operators appeared in llRi] INTs3] IGetl . 

7.3. The case of semisimple a. A particularly well-behaved case is when the automor- 
phism a is semisimple (diagonalisable), that is, if there is a subset S c A;\{0} and a decom- 
position of fc-vector spaces 

A = Aa, Ax = [ae A\ cr(a) = Aa}. 

AeS 

Note that we have 1 e E because cr(l) = 1, and also that an algebra A equipped with 
such an automorphism is exactly the same as a G-graded algebra, where G is a submonoid 
of the multiplicative group fc\{0}, as a{ab) = (T{a)a{b) implies AxA^'^Ax^ (thus the 
monoid G c fc\{0} resulting from a e Aut(A) is the one generated by S). 
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This grading yields decompositions of C'{A,A) and C.{A,Acr)- The chain complex 
C. {A, Aa-) becomes G-graded by the total degree of a tensor, 

C.{A,Aa) = ®C.iAA,)x, CniA,A,)x= Ax,®k ■ ■ -^k Ax„, 

AeG Ao,...,A„eG 

Ao -Ati^A 

which is a decomposition of chain complexes of /c-vector spaces. This coincides with the 
decomposition into eigenspaces of T, and in particular we have 

kcr(id-T) = C.(A,yl,)i, im(id-T)= C.{A,A,)x. 

AeG\{1} 

It is also immediately seen that this decomposition is in fact one of para-cyclic fc-vector 
spaces, so we have: 

Lemma 7.1. If A is an algebra over a field k and a e Aut(A) is a semisimple automor- 
phism, then the para-cyclic k-vector space C, {A^ A^) is quasi-cyclic. 

Unless G is finite, the decomposition of the cochain complex C'{A, A) is slightly more 
subtle. Given a cochain (f e C^(A, A), we denote by (px its homogeneous component of 
degree A e fc\{0}. That is, (px '■ A®'''p ^ A is given on the homogeneous component 

{A®-n^.■■= ^Mi ®fe • • ■ ®fe ^Mp 

Ml ■■^p=^ 

of elements of A®''^ of total degree /i e G by 

where tt,^ : A ^ A^, is the projection onto the degree ly part of A. If we denote by 

CP{A,A)x := {^eCP{A,A) \ ^{{A®''P)^.)^Ax,} 
the set of all A-homogeneous p-cochains, then (f ^^ {'fix}xek\{o} defines an embedding 

C'{A,A)^ Yl C-{A,A)x 

XEk\{0] 

of cochain complexes of fc-vector spaces which is, however, not a quasi-isomorphism in 
general. Still, we can split off the homogeneous part of degree 1, 

C'{A,A)^C'{A,A)i®(c'{A,A)n [] G-(A,A)a), 

A6fe\{0,l} 

and C {A, A) i consists precisely of those cochains for which D'^ commutes with T. 
Note that G* {A, A)i is not equal to C\ {A, A) in general. We rather have: 

Lemma 7.2. With the assumptions and notation as above, we have 

C%{A, A) = {^e CP{A, A) I VA e fc\{0, 1}Vm e G : ^a|(a®.p),_i^_i = O}. 

Proof. This follows from the fact that the operator D'- maps a chain x (S>k V e 
Cn+p{A,A^)x-i cim(id-T)tox®fc^A(y) e G„+i(A, A^)i c kcr(id - T). D 

From this it is clear that the projections onto the homogeneous parts leave 
C\ {A, A) c G* (j4, A) invariant, so C\ (A, A) splits as well as a direct sum of cochain 
complexes into G* (A, A)i and C\^ (A, A) n Ha^i C" {A, A)x. We therefore obtain: 

Lemma 7.3. If A is an algebra over afield k and a e Aut(A) is a semisimple automor- 
phism, then C (j4, A)i is a comp subalgebra of C\ (A, A), and the induced morphisms 

H'{C{A,A),) - H\^{A,A), H-{C{A,AM - H-{A,A) 

are injective and split as maps of H' {C {A, A)i)-modules. 
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Example 7.4. Let k be any field, A be the polynomial ring k [x] , and a be specified by 
a{x) = qx for some fixed q e fc\{0} which is assumed to be not a root of unity. Then we 
have E = {g" | 71 e N} = G ^ N, and ker(id — T) consists only of the (degenerate) 
multiples of 1 (x)fe • • ■ (x)fc 1. Then C'p{A, A)i ^ k for all p while C\^ {A, A) consists of 
all cochains that do not decrease the degree (where "decrease" refers to the ordering of 
G ^ N). In particular, C°(A, A)i ^ k while C'^^ {A, A) ^ A, and as A is commutative, 
we also have H^^ {A, A) ^ A while H°{CiA, A)i) - k. 

7.4. Twisted Calabi-Yau algebras. More recently, the Hochschild homology groups with 
coefficients in Aa- have been studied intensively for the fact that large classes of algebras 
have been recognised to be what is nowadays called a twisted Calabi-Yau algebra: 

Definition 7.5. An algebra ^ is a twisted Calabi-Yau algebra with modular automorphism 
a 6 Aut{A) if the ^^-module A has (as an j4°-module) a finitely generated projective 
resolution of finite length and there exists rf 6 N and isomorphisms of right ^''-modules 

E.tUA,A^)^{\^ Itt 

The number d is then necessarily the dimension of A in the sense of IICEL that is, the 
projective dimension of A e A'^-'M.od, and the Ischebeck spectral sequence fll leads to a 
Poinc are-type duality 

H'{A,A)^Hd-.{A,Aa). (7.1) 

We refer to IIBerSol iBil iBrai] iGil iKel IKH iLiWl IVdBTI I VdB2ll VdBdTdVII and the refer- 
ences therein for more information and background, and in particular plenty of examples. 
It had been our aim in OKoKrlll to understand the duality ( 17.11 ) in the wider context of 
Hopf algebroids and to observe that (17.1b is an isomorphism of graded H' {A, 74)-modules. 
From that point of view, the essence of the present paper is that (17.11 ) is even compatible 
with the Gerstenhaber structure which implies Theorem 11.7] For cr = id this theorem has 
been proven by Ginzburg in |Gi| and just as therein, the fact is more or less immediate 
once the full differential calculus structure is established: 



Proof of Theorem u .7\ First we need to observe that in the case of a twisted Calabi-Yau 
algebra, we have H'{A, A) ~ H'{C{A, A)i). Indeed, we know already that the duality 
isomorphism ( 17.1b is an isomorphism of H'{A, A)-modules, see, for instance. Theorem 1 
in IIKoKr ll. By Lemma lTT] we know that the homology is in fact concentrated in degree 
1 with respect to the G-grading. Hence the cohomology is also concentrated in degree 1, 
that is, the embedding C {A, A)i -^ C (A, A) is a quasi-isomorphism. 

Now Theorem 11.51 states in combination with Theorem 1 in OKoKr ll precisely that 
H' (A, A) and H. [A, A^) form for a twisted Calabi-Yau algebra with semisimple modular 
automorphism a what Lambre calls a differential calculus with duality ULai Definition 1.2]. 
Hence yLaj Corollaire 1.6] directly implies Theorem ll.7l D 
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